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Chapter 1

Solutions of Algebraic and

Transcendental Equations

1.1 Introduction

In engineering and sciences, a frequently occurring prolidehat of determining

the solutions of equations of the form

flx) =0 (1.1)

where f(x) can be a linear, quadratic, cubic or quartic expression hichivcase
algebraic methods of solution are available. However, when is a polynomial
of higher degrees, or a transcendental function, algebmatbods of solution are
not available, hence we have to look for approximate metlbdslution. In this
section, we shall consider approximation methods suchebitfiection method,
fixed-point iterative method, method of false position ahe Newton-Raphson

method.
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1.2 The Bisection Method

Recall from MTH103 the intermediate value theorem thus:

Theorem 1 If f(z) is a continuous function ofa, b], and if f(a) and f(b) are of

opposite signs, then there exists (a, b) such thatf (£)=0.

In particular, suppose that(a) < 0 and f(b) > 0, then there is a root lying

betweern: andb. The approximate value of this root is given by

a+b
Ty = .

2

If f(zo) =0, we conclude that, is the root of the equation (1.1). Otherwise, the
root lies betweem andx, or betweenr, andb according as(x) is hegative or
positive. Continuing, we bisect the interval and repeatgiteess until a root is

known to the desired accuracy. This process is shown in tigrain below:

Example 1
Find a real root of the equatiarf — z — 1 = 0.
Solution
Note thatf(1) < 0 and f(2) > 0, thus a root lies betweehand2 and we thus
take
o 1+2

3
Top=—F]—— = .
0 9 2

Hence
3 27 3 7

f(xo)=f<§):§—§—1:§>o.

Thus the root lies betweehand 2. We then obtainy, = £ = 1.25, and
f(z1) = =& < 0. We therefore conclude that the root lies betwees and1.5.

Continuing, one obtains

_ 1.25+15

= 1.375.
5 375
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The procedure is repeated and we obtain the successivexapptmns
x5 = 1.3125, 24 = 1.34375, 25 = 1.328125, . ..

Stop the iteration as soon as the required accuracy is edtain

1.3 Fixed Point Iteration Method

We transform the equatiaii.1) algebraically into the form

z = ¢(x) (1.2)

The solution of(1.2) is called a fixed point of, hence the name of the method.

From(1.1), we may get several forms ¢f.2). For example, the equation
2+ —1=0

can be expressed as

=g
(i) 2 = 1 — a2

(iii) 2 = v/1 — 22 and so on.

Supposer, is an approximate value of the desired rgoSubstituting it forz in

(1.3), we obtain the first and and successive approximations as

r1 = ¢(x0)
Ty = ¢(z1)
T3 = (1)



Tp = ¢(xn—1)

and in general,

Tpy1 = ¢(xn)

However, the sequence of successive approximatigns,, zs, - - - , z,, do not

always converge to some valgeFor example, take the equation
r=10"+1.

If we takexy = 0,21 = 2,25 = 10241 = 101, 3 = 10'°' 41, - - .. This sequence

obviously diverges as increases. When does the iteration converge?

Theorem 2 (Convergence of Fixed Point Iteration Method)
Letz = s be a solution of: = g(x) and suppose thathas a continuous derivative
in some interval containings. Theniflg’(x)| < K < 1in I, the iteration process

defined byr = g(x) converges for any in I.

Example 2

Use the fixed point iteration method to find the solution ofd¢ljeation

2 +r—1=0.

Solution:

The equation may be written in the form = ﬁ while the iteration can be

expressed as
1

i ey
n

A rough sketch indicates that there is a solution neaf 1, and takingry = 1,

we obtain the iterations

x1 = 0.5, 29 = 0.800, 23 = 0.610, 24 = 0.729, x5 = 0.653, 26 = 0.701, - - -



The solution to 6 places of decimalsi$82328.
Exercise
Use the fixed point iteration method to determine the satutbthe equation

r? — z = 0. Compare your solution with the exact solution.

1.4 Newton-Raphson Method

This is another iteration method for solving equatian ), where f is assumed
to have a continuous first derivatifé Supposer = z, + h is the correct root of

(1.1), then expanding (x, + h) in Taylor series leads to
f(wo+h) = f(xo) + hf'(xo) +---=0.

Neglecting the second and higher order derivatives, onmbta

f (o)
h=— )
f'(x0)
Therefore,
r1 =20+ h= 1 =129— ]J:’<(Z(;))
. f(z1)
BTN @)
o f(xz)
TR )
We then have the iteration scheme

If f'(x,) =0, then use a different starting value. The Newton-Raphsdhadds

used to improve the results obtained by previous methods.



Example 3
Determine the solution of the equatioh+ » — 1 = 0 using the Newton-Raphson
method.

Solution:

fx) =2+ —1, f(z) = 32> + 1,
flzn) 3+, —1
) " 3241

L. xn-’—l = Tpn —

takingzy = 1, one obtains

T3+ 19— 1
Tr1 = Lo — 031%% = 075,
3
—1
Ty =1 — % — 0.68604651,
1

and iterate to convergence to the required degree of agcurac
Example 4

Find the root of the equatiansin z + cosz = 0

using the Newton-Raphson method.

Solution:

f(x) =xsinz + cosx, f'(x) = x cosz,

The iteration formula then becomes

Ty SIN T, + COS T,

Tn41 = Tp —
Ty, COS Ty,
Takez, = w and then obtain
z, = 2.823
To = 2.7986
x3 = 2.7984
xy = 2.7984,

Note the convergence of the solution above to 4 places ofrdsdsi
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1.4.1 Convergence of Newton-Raphson Method

Considerg(z) = x — 45, thus¢'(x) = {HLE). We assumef (z), f/(x) and
f"(x) are continuous and bounded on any interval containing tbeire= ¢ of
equation(1.1). If £ is a simple root, therf’(¢) # 0, and sincef’(z) is continu-

ous,

f'(z)| > e, for somee > 0 in a suitable neighbourhood ¢f Within this
neighbourhood, we can select an interval such ffiat) f”(z)| < ¢* and this is
possible sincg (¢) = 0 and sincef (x) is continuously twice differentiable. Thus,
in this interval we havéy'(z)| < 1.

Hence by theorem 1, Newton-Raphson method converges debthe initial
approximation is sufficiently close to Newton-Raphson method still converges,
but slowly wher¢ is a multiple root. To determine the rate of convergence ef th

method, we note that({) = 0 so that Taylor's expansion gives

o) + (€ = ) () 56 = 20" (a) - = 0

from which we get

%(5 - xn)Qf”(xn) _ f(z)
() f'(@n)

Using Newton-Raphson iteration formula, we obtain

e M)
e f'(zn)

(€ —xn) +

and setting,, = x,, — &, we have

I A
TR

Hence Newton-Raphson method has a second order or quatbatiergence.

(1.4)

Assignment
Obtain a root of each of the equations

1.2 =3 +cosz



2.ex—tan_1x—%:O

.22+ cosx—xe =0

correct to 3 places of decimals using
(a) the bisection method
(b) fixed point iteration method

(c) Newton-Raphson method.

Compare the three results in tabular form.

1.5 Numerical Evaluation of Multiple Roots of

Algebraic Equations

We say that the functiofi(z) has a rootx of multiplicity p > 1 if

f(@) = (& — a)’h(x) (1.5)

with h(a) # 0 and h(z) continuous att = a. We restrictp to be a positive

integer, although the result could be valid for non-intégadues for some cases.

1.5.1 Newton-Raphson Method and Multiple Roots

Most of the rootfinding methods considered so far perfornrlgashen the root
being sought is multiple. We now investigate this for NewRagphson method as
a fixed point method witlf (x) satisfying (1.5). Thus

=g(x T :x—mx «
xn+1_g( n)uQ() f/(l’)7 #

The expression fog(z) on using (1.5) is obtained as
f'(x) = (x — @)Ph'(2) + plz — )~ h(z)
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) — e aPh@®)  @—ahn)
B (x —a)p~!(z — a)l/(z)] ph(z) + (z — @) ()
One then obtains

L h(z) e iz)
gl =1 ph(x) + (v — )k (z) ( )dx ph(z) + (z — )W ()

andg'(a) = —% # 0 for p > 1. You can then fing for any givenw. This shows
that Newton-Raphson Method is a linear method with rate nf/ecgencé'%l.
Example 5

Determine the multiplicity of the root of the equation
o' — 5.42° + 10.562% — 8.954x + 2.7951 = 0

lying in the intervall < z < 2.

Solution:

f(z) = 2* — 5.42% + 10.562? — 8.954x + 2.7951,

f'(x) = 42 — 16.22% 4 21.122 — 8.954

oy = 1.032352941, 25 = 1.054435334, z3 = 1.069406530,
xy = 1.079501623, 5 = 1.086286231, - - -

Thus

@)

Now takingz ~ 1.086 as the approximate root, we obtain
¢'(1.086) = 0.6698244,
thus we solve the equaticﬁc;—1 = 0.6698244 which yieldsp = 3.02869144.

Hencep ~ 3. Therefore the root has multiplicity 3.

1.6 Solutions of Systems of Nonlinear Equations

We consider in this section the numerical solution of siemgtous equations by

two methods:



(a) Fixed Point Iteration method and
(b) Newton-Raphson Method

We shall consider the case of two equations in two unknowhs on

1.6.1 Fixed Point Iteration Method

Consider the nonlinear system of equations

flz,y)=0 (1.6)

g9(z,y) =0
Re-write the system in the form

x=F(z,y) (1.7)

y=G(z,y)

whereF’ andG satisfy the conditions of convergence

OF oG

and
oF oG

ay| "oy
in the neighbourhood of the root. Suppdss, y) is the initial approximation to

<1

the root. Then the sequence of successive approximati@osrizes

1 = F(20,0), 11 = G(21, ),

To = F(xlayl)ayl = G(%,yl),

T3 = F($2>y2)7 Ys = G($3>y2),

10



Tn41 = F(ZL’n, yn)> Yn+1 = G(xN+1v yn}'

Iterate to convergence.
Example 6
Find the root of the system of equations
2?4y’ —1=0 (1.8)
1'2
?—1—43/2—1:0 (1.9)
correct to 3 places of decimals using the initial valug, yo) = (1,1). Trans-

forming the equations lead to the iteration scheme

1 a2
Tpy1 = 1- y?wyn-i-l = Z - T—H

Thus we obtain the iterations

1 =0,y1 =0.5

o = 0.866025404, 1o = 0.3952847075

x3 = 0.9185586535, yo = 0.3801726581

x4 = 0.9249155367, y4 = 0.3782412011

x5 = 0.9257070778, y5 = 0.3779990751

xg = 0.9258059728, yg = 0.3779687984

We have then achieved 3 places of decimals accuracy.

That isz &~ 0.926,y ~ 0.378.

1.6.2 Newton-Raphson Method

Suppose the initial approximation to the root of the syste(m, y), and if

(xo + h,yo + k) is the exact root of the system, then we must have that

f(xo+h,yo+k)=0,9(xg+ h,yo + k) = 0.

11



If fandg are sufficiently differentiable, we can expand them in Teglseries as

0 0
a2l k90 (1.10)
Oz o
Jg Jg -
g0+h—8x0+k8—%+~-~_0

where

o Lol o Lo
T=T0 7 &UO Y=Yo .

fo:f<x07y0>7g():g<x0,y0),a—% — 833, ay

Neglecting the second and higher order terms, we obtainyss of linear

equations
of of
h—axo + k:—ayo = —fo (1.11)
dg dg
"owe oy

The systen{1.9) can be solved fok andk to obtain the new solution as
x1 =20+ h,y1 = yo + k.

The process is repeated until the required accuracy isiattai
Example 6

Find the real roots of the equations
-yt =4

x2+y2:16

Solution:

This system has the solutions= /10 = 3.162 andy = /6 = 2.449. To apply
the Newton-Raphson method, we replace the hyperbola bgymmpgiotey = .
This produces the initial values, = y, = 2v/2 = 2.828. However, in general,

this is obtained from a rough graph.

12



Taking f = 2% —y? — 4,9 =2 +y> — 16
j%:2x7%:_2$7%:2%g—g:29,

andfy = —yl —4=—4,90 = 2§+ y5 — 16 = 0.

Lk =210 = 4v2, 5L = 220 = —4V2, 5% = 42,52 = 4V/2. Thus one

obtains the equations
h — k= 0.707

h+k=0

which have the solutions = 0.354, k = —0.354. The second approximation is
then given by
r1 = Xg + h = 3182, Y1 = Yo + k= 2.474.

Using (=1, ;) and repeating the process, we obtaia- —0.0204, k = —0.0242
and thusey = 1 + h = 3.162,y5 = y1 + k = 2.450.

For a system of equations, the procedure is modified acagydinThus to

obtain the solution to the system

flry) =2 +y*=1=0
1.2
g(w,y) =5 +4y" = 1=0
subject to the initial approximatiofx,,yo] = [1,1], we replacef’(z) in the
Newton-Raphson iteration scheme with the Jacobign of the system. Thus

the iteration scheme becomes

Xn _
Xt =% = % =Xn = f(Xa) T (X0) (1.12)
of  of
whereX,, = (z,,,y,) andJ(x,) = 5’5" 5’(;/" andJ~!(x,) is the inverse of
g D
Orn  Oyn

13



J(X,). Thus the iteration scheme becomes

(f(@n;Yn), 9(Tn, Yn))

of  of
Oxn  Oyn
99 09
Orn  Oyn

(xn-i-la xn-i—l) = (l‘n, yn) - (113)

Hence, for the above system, we obtain

<x2+y2—1,%2—|—4y2—1)

(xn+17yn+1) = (‘Tmyn> -
2r, 2Yn

Ty SYn

Takingz, = (1, 1) leads to the following sequence of approximations:

(1,3.5) 057142857 —0.14285714
(xbyl) = (17 1) - = (17 ]-) - (1735)
2 2 —0.07142857 0.14285714
1 8

= (0.67857143,0.64285714).

(x1 y1) = (0.67857143 0.64285714)
(o y2) = (0.88305212 0.41999860)
(x5 y3) = (0.92764766 0.38043036) (1.14)
(s y4) = (0.92613160 0.37779498)
(x5 us) = (0.92581236 0.37794889)

Hence we have achieved convergence to three places of deciha is

x &~ 0.926,y ~ 0.378.

Class Exercise

Use the fixed point iteration method to obtain the solutioexample 6 above.
General Exercises

1. Obtain a root for each of the following equations usinglisection method

@x>*+22+2x+7=0 (b)z? —22—-1=0

14



2. Use the fixed point iteration method to find a root of eachhef following
equations correct to 4 s.f.

(@)cosxr =3r—1 (b)x:ﬁ

3. Use Newton-Raphson method to solve the equation

@a*—a3—22-34=0 (b) tanz = 4x.

15



Chapter 2

Interpolation

Given a functionf(x) defined on the intervat, < = < z,, and assuming that
f(z) is single-valued and continuous and that it is known exiyidhen the val-

ues off(z) corresponding to certain given valueswkayz, x1, 2, - - - , z,, Can
easily be computed and tabulated. However, the major probfenumerical anal-
ysis is the converse, that is, given the set of tabular values

(zo,%0), (x1,11), (T2, 42), - - -, (zn, yn) Satisfying the relatioy = f(x) where the
explicit nature off(x) is unknown, it is required to find a simpler functigix)

such thatf(z) and ¢(z) agree at the set of tabulated points. Such a process is
known asinterpolation If ¢(x) is a polynomial, then the process is callealy-

nomial interpolatiorand¢(z) is called thenterpolating polynomial

2.1 Finite Differences

Assuming we have a table of values, y;),i = 0,1, 2, - - - , n of any function
y = f(z), the values of being equally spaced, i.e; = zo+ih,i =0,1,2,--- | n.
Suppose that we are required to recover the valuggof for some intermediate

values ofr or to obtain the derivative of(z) for somer in the rangery < = < z,,.

16



The methods for the solution of these problems are basedeooatficept of the

differences of a function which we now proceed to define.

2.1.1 Forward Differences

If yo,v1,v2,- - ,y, denote a set of values gf then

Y — Yo, Y2 — Y1, Y3 — Y2, s Yn — Yn—-1

are called thalifferenceof y. Denoting the differences by

Ayo, Ayr, Ays, - - -, Ay, _1 respectively, we have

Ayo=11— Y0, A = Yo — Y1, AYo = ys — Y2, , AUYpn—1 = Yp, — Yn—1.

where A is called theforward difference operatoand Ay, Ay, Ays,--- are
calledfirst forward differences The differences of the first forward differences
are calledsecond forward differencesnd are denoted bgx?y,, A2y, A%y, - - -.

Similarly, one can define the third and higher differencdsust
APyo = Alyr — yo) = Ayy — Ayo = y2 — 251 + Yo
ANPyg = APy — APyg = Ayy — Ayr — (Ays — Ayo)
=Ys— Y2 — (Y1 — o) — [y2 — v1 — (y1 — ¥o)]

= y3 — 3Y2 + 3y1 — Yo.

Similarly,
Alyy = Ny — APyo = ys — 4ys + 6y2 — 4y1 + yo.

Note that the coefficients in the above expansions are balaroefficients.

17



vy | A A2 AP At A5 AS

To | Yo | Ayo

x|y | Ayr APy APy

Ty | Y2 | Dya APy APyr Ay

x3 | ys | Ays APy APys Aty Ay

xa | ya | Dys APys Alys Aty Ay Ay,
x5 | s | Dys APyy Ay, Alys

zo | Yo | Ays  Ays

Table 2.1: The table of forward differences.
2.1.2 Backward differences

The differences); — vyo,y2 — y1,y3 — Yo, -+ , Yn — Yn_1 are calledfirst back-
ward differencesf the are denoted bWy, Vs, Vys, - - - , Vy, respectively so
thatVy: = v1 — yo, Vo = o — 41, -+, VU, = Yn — Yn_1, WhereV is called the
backward difference operatoitn a similar way, one can define backward differ-

ences of higher orders. Thus we have
Vs = V2 — Vyr = y2 — 201 + o,

Viys = V23 — V2 = y3 — 3y + 3y1 — Yo,

and so forth.

2.1.3 Central Differences
The central difference operator is defined by the relations
5y% =1 — y(]u(sy% =Y2 — Y1, - 75yn—% =Yn — Yn-1-

Higher order central differences can be obtained in a similanner. Using the

values from the two tables above, the central differencke tedin be formed thus

18



P IRV I AR v v B vZ B VAR vA

Zo | Yo
Ty |y | Vi

Ty | Y2 | Vo Vi

z3 | ys | Vys Vs Viys

za | ya | Vs Viyr Viyo Vi,

x5 | ys | Vys Vs Vs Vi Voys

zo | Ys | Vs Vs VPus Viys Voys VOys

Table 2.2: The table of backward differences.

eyl & 8 8 5 5 5

Lo | Yo 5@/%

L1 | Y1 5@/% Py 6%ys
vy | Y2 | Oyz  O%y2 O%ys Oy O%ys

T3 | Ys 5% 5%y 53% 0*ys 553/% 6%ys
Lq | Ya 5@/% 6%Ya 53@/% 0ty

Ts | Ys 53/% 5*ys

Ze | Yo

Table 2.3: The table of central differences.

Note from the three tables that
Ayo = V1 = 0y,

Ay, = Viys = 6%yz,

and so on.
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2.1.4 symbolic Relations

We can establish difference formulae by using the shift ajper” in addition to

the operatorg\, V andé defined above. The shift operatbris defined by
Ey; = yin

E2?/z’ = E(Eyz) = E(yi+1) = Yi+2

and in general

E™(Yi) = Yitn (2.1)

Now, a relationship betweel and E can be derived as follows:
Ayo =11 — Yo = Fyo—yo = (E'— 1)yo. HenceA = E —1or £ =1+ A. This
implies that the effect of ony, is the same as that of the operator A) onyy.

The higher order forward differences in terms of the givarcfion values are
Azyo = (E — 1)2y0 = (E2 —2F + 1)y0 = E2y0 — 2Ey0 + Eoyo =Yg — 2y1 +y0,

Adyg = (E — 1)3y0 = (E3 —3FE?+3F — Dyo = y3 — 3y2 + 3y1 — Yo-

The following relations can also be established from thendedns

Vyo=1v0o— E 'yo=(1—E Ny,

=V=1-E"
Also,
Syo = E2yo— E"2 = (B2 — E2)y,
§=E2—E 2,
Hence
AEVEE(SE%.
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2.1.5 Detecting Errors by Use of Difference Tables

Errors in tabulated values can easily be detected usingrdiite tables. For ex-
ample, if we introduce an errerin a tabulated values of zeroes, we can notice
how the error propagates fanwise at higher differences aodgets magnified.
The following characteristics of error propagation can bduted from the table

that follows:
(i) Error increases with the order of the differences

(i) The errors in any one column are the binomial coefficsantth alternating

signs
(iif) The algebraic sum of the errors in any difference cofuisizero
(iv) The maximum error occurs opposite the function valuetaming the error.

Suppose an erraris introduced into the table of values of a given functiomrth
these indicators can be used to detect errors in differeatiles as can be seen

from table (2.4) below.

2.2 Differences of a Polynomial

Supposey(z) is a polynomial of degree so that

y(z) = apa” + a1z + aa" P + -+ ay (2.2)

We then obtain the difference gfx) as

Ay(x) = y(z+ h) — y(z)
=ao[(z +h)" — 2" +ar [(x+R)" =" (2.3)

= agnha™ ' +d2" i+ -+ d,

21



A A2 A3 AT A

)

0

0,0 O 0

00 0 O O e
00 O e e -5e
Ole e -3e -4e 10e
e|-e -2e 3e 6e -10¢
0,0 e -e -4e b5e
0,0 O O e -e
0,0 O 0 0
00 O

0/ 0

Table 2.4: Error spread in a difference table

which shows that the difference of a polynomial of degreie a polynomial of
degreen— 1. Similarly, the second difference will be a polynomial ofydeen — 2
andA"y(z) will then be a constant.

For example, consider the polynomigl:) = az? + bx + c.

The first and second forward differences become

Ay(z) = y(z +h) —y(z)
=a(x+h)?+b(x+h)+c—ar’ —br—c
= (2ax + ah + b)h

A?y(z) = Ay(z + h) — Ay()

= 2ah’

22



2.2.1 Newton’s Interpolation Formulae

Given the set ofv + 1 values,(zo, vo), (z1,y1), (X2, y2), - -+ , (Tn,yn), Of x and
y, it is required to findy, (=), a polynomial of degree such thaty andy, (x)
agree at the tabulated points. Suppose the valuasarte equidistant, and let
x; = x9+ih,i=0,1,2,---  n. Sincey,(x) is a polynomial of degree, it may

be written as

Yn(x) = ag + a1(z — x0) + az(z — x0)(x — 1) + - + apn(z — x0)(x —21) - (T — Tpq)

(2.4)
Now, we impose the condition thaiandy,, () should agree at the set of tabulated

points, i.ey(x;) = y;(z;), we obtain

Y1 — Yo _ Ayo

Yo = Qp, Y1 = al(xl —xo) + Yo = a1 =
Iy — X h

Yo = ap + a1 (2 — 1) + ag(x2 — o) (22 — 1)
Y1 — Yo

= _ (o —
0 + 1 — Zo (1'2 l’o) -+ a9 (1'2 l’o)
— A
Y2 — Yo _ Yo + agh
To — I h
Lly2=%  y1— %
= = — _
A T h
_ Y= 2nty Ay,
2h? 2h%
Similarly,
e — A’yg 0= Alyo o — A"yo
STRIRE T apt T T T e
Settingx = xy + ph and substituting fotg, aq, as, - - - , a, in (2.4) above gives

—1 —1)(p—2
p(p2! )A2y0+p(p 3)!(19 )A?’yo

+...+p(p—1)(p—271!---()p—n+1AnyO

yn(x) = yo + pAyo +
(2.5)
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This is calledNewton’s forward interpolation formuland it is useful for interpo-
lation near the beginning of a set of tabular values.
The error committed in replacing the functigfc) by the polynomialy, ()

can be obtained as

(x —xo)(x —21) -~ (x — xn)y(nﬂ)(@ (2.6)

for o < £ < z,. However, (2.6) is not useful in practice, since we have no
information concerning/™ (z). In any case, ify™(z) does not vary rapidly in
the interval, a useful estimate of the derivative can beinbththus:
We obtain the Taylor’s series expansionyof + h) as

2

y(x +h) =y(x) + hy'(z) + Ey”(x) 4.

and neglecting the term containing and higher powers df, produces

(e + 1) — y(@)] = 3 Ay().

SRS

y'(z) =

Thusy™ ™ (z) = L5 A"*ly(x). Equation (2.6) can then be written as

o) = ala) = HEZDEZBLEE N ey @)

a form suitable for computation.

If we assume (2.4) in the form
Un(x) = aptaq (x—xp)+az(z—x, ) (x—20_1)+- - Fap(2—2,) (T—20p_1) - - - (x—21)

and then impose the condition thgtr) andy, (x) should agree at the tabulated

pointsz,,, T,—1, Tn_2," - - , T2, T1, T, WE Obtain in a similar manner as above
+1 +1)---(p+n—-1)_,
nl2) = s+ 9V + D0 Dy po¥ DGt g
(2.8)
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wherep = *=*=. This is calledNewton’s backward difference interpolating for-

mulaand it uses tabular values to the leftygf This formula is useful for inter-

polation near the end of tabulated values. The error is estidas

y(x) . yn(x) _ p<p + 1)(]{7;:_21)' i (p + n) hn-l—lyn-i-l(g) (29)

wherezy < £ < x, andx = x,, + ph.
Example 7

Find the cubic polynomial which takes the following values:
x|{0]1/2] 3

yl1/0|1]10

Hence or otherwise obtaif(4).
Solution:

We form the forward difference table thus:

r oy A AT A3
0o 1 -1

1 0 1 2

2 1 9 8 6
3 10

Here,h = 1 (from the forward difference table). Using= z, + ph and choosing

xo = 0, one obtaing: = 0 + p = p. Thus substituting fop in (2.5), one obtains

(@) + z(rx—1)(z—2)

3!
which is the polynomial from which we obtained the tabulatellies abovey(4)

x(x—1)
2!

y(x) =14 z(—-1) + (6) = 2® — 2% +1,

can be obtained by substituting= 4 in the polynomial obtained above. Note that
this process of obtaining the valuespfor some value of outside the given range
is calledextrapolationand this demonstrates the fact that if a tabulated function i

a polynomial, then interpolation and extrapolation woulkelg exact values.
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Example 8

The table below gives the valuestai x for 0.10 < z < 0.30.

x 0.10 | 0.15 | 0.20 | 0.25 | 0.30
y =tanz | 0.1003| 0.1511| 0.2027| 0.2553| 0.3093

Find: (8)tan(0.12) (b) tan(0.26) (c) tan(0.40) (d) tan(0.50).

Solution:

The table of froward differences is

x Y A A2 A3 A4
0.10| 0.1003
0.15| 0.1511| 0.0508 0.0008

0.20| 0.2027| 0.0516 0.0010 0.0002
0.25| 0.2553| 0.0526 0.0014 0.0004 0.0002
0.30| 0.3093]| 0.0540

() Takingx = x¢ + ph, wherex, = 0.10, A = 0.05, thus to find the value of
tan(0.12), we have tha0.12 = 0.10 + 0.05p = p = 0.4, and using (2.5) yields

0.4(0.4 — 1
tan(o.u)::0.1003+0.4(0.0508)+———(——————2

0.4(0.4 — 1)(0.4 — 2)(0.4 — 3)
24

(0.0008)

+04Q4—?m4—2)

(0.0002) + (0.0002) = 0.1205.

(i) To obtaintan(0.26), we have).26 = 0.30+p(0.05) = p = —0.8. We now use

Newton’s backward interpolation formula (2.8), since we @stimating a value at
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the end of the data. Hence one obtains

0.8(—0.8 + 1
tan(0.26) = 0.3003 — 0.8(0.0540) — L3081 5014
_O8(-0841)(=08+2) o 0808+ (08 +2)(08+8)
6 ' 24 '
— 0.2662.

Using formula (2.5) and proceeding as in (i), one gets

(i11) tan(0.40) = 0.4241 and

(iv) tan(0.50) = 0.5543.

Note that the actual values &fn(0.12), tan(0.26), tan(0.40), tan(0.50) are re-
spectively0.1206, 0.2660, 0.4228 and 0.5463. Thus if the tabulated function is
not a polynomial, then extrapolation very far from the tabtats would be dan-

gerous, although interpolation can be carried out very rately.

2.3 Interpolation with unevenly spaced points

In the previous section, we derived interpolation formuare discussed their
practical use in some detail. However, they possess a meadvhntage of re-
quiring the values of the independent variable to be equsgced (i.e uniform
grids). It is therefore desirable to have interpolatiomfatae with unequally
spaced values of the argument (non-uniform grids). We dsau this section

Lagrange’s interpolation formula which uses only the fiorctvalues.

2.3.1 Lagrange’s interpolation formula

Lety(x) be continuous and differentiable+1) times in the intervala, b). Given
then+1 points(xo, yo), (z1,y1), (T2, y2), - - - , (zn, yn), Where the values af need

not necessarily be equally spaced, we wish to find a polynarhidegreen, say
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on(z) such that

¢i(ri) = y(r:) =yi,1=0,1,2,--- \n (2.10)

Let

On(r) = ag + a1z + agx® + - + apa” (2.11)

be the desired polynomial. Substituting the condition@2ifito (2.11), we obtain

the system of equations

2

Yo = Qo + a1T0 + asTy + - - - + apx()
2

Y1 = ag + a1x1 + agxry + - - + apxt

Yo = Qg + a1 T + agx5 + - -+ apTy (2.12)

2
Yn = a0 + a1%n + G225, + - F An T,

The system (2.12) will have a solution if the determinant

1 zy 2% - af
1z 22 - a}
1 x9 ;1;'% e ;1;'3 75 0 (2.13)
1z, 22 il

The value of this determinant call&ndermonde’s determinaist

(xo — x1)(xg — @) - -+ (0 — ) (X1 — @) -+ - (11 — X))+ (Tp1 — Tp)-
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Eliminatingag, a1, as, - - - , a,, from equations (2.11) and (2.12), we obtain

Gp(z) 1 z 2% -+ 2"
v 1 oz a2 -0
vy 1 oz 2? o 2P |=0 (2.14)
Yo 1 oxy 22 oo am
which shows that,, () is a linear combination oy, y1, s, - - , y,. Hence we
write i
én(r) =D Li(z)y: (2.15)
=0

whereL;(x) are polynomials in: of degreen. Sinceg,(z;) = y; for
j=0,1,2,---  n, equation (2.15) gives
Li(z;) =0, ifi#]

51']’ —

whered;; is the Kronecker delta. Hendg (x) may be written as

(x —mo)(x —a1) -+ (& — 1) (@ — i) -+ (2 — @)

(i —@o)(zi — 1) - -+ (T — 2ia) (@5 — Tiga) - (2 — )

Li(z) = (2.16)

which satisfies the condition above. The function

m(x) = (z —2o)(x —21) -+ (& — 2i1) (T — i) -+ (T — )
- H(x —z)  (2.17)

may be used to express the Lagrange multiplier function éennttore compact

form
()
Li(z) = (x — x;)m' ()
Hence (2.15) yields
PTG B . O (2.18)
— (v — x;)m'(x;) ’




which is known ad.agrange’s interpolation formulaThe L;(x) are called
Lagrange’s interpolation coefficientdnterchangingr andy in (2.18) yields the

formula

n

bu(y) = Z (&x , (2.19)

— (y — i)' (y:) "

which is useful for inverse interpolation. It is importaattote that the Lagrange’s

interpolation polynomial is unique. From (2.18), we notatth

¢1(x) = Lo(x)yo + L1(x)y1 (2.20)
where
o) = e = e ) = hem
L) = G = e =
co(x) = ;}__2 Yo + ;1__1;0%.

This is a linear interpolation formula. For a quadratic iptdation, we have

(bg(y) = Lo(l’)yo -+ L1 (x)yl -+ Lg(l’)yQ (221)
where
(x —z0)(x — 1) (2 — 22) (x — 1) (x — 22)
Lofx) = (x — o) (o — 1) (0 — xg) " (mo — x1) (g — 29)
(x—xo)(z —21)(x —22) (7 —20) (7 — 12)
M) = G e = w0 —22) (1 = o)1 — w2)
and
(e z)(r ) — 1) (2—x0)(z — 1)
Pl = ) s — w0l ws —a) (s —20) ws — 1)’
' o) = (x —z1)(x — x2) (x — z0)(x — 22) (x — z0)(x — 27)
" 62(e) (w0 — 1) (@0 — 22)" (11 — w0) (w1 —w2) ' (w2 — o) (@s — 1)
Example 9

Obtain a linear Lagrange’s polynomial for the tabulatedugal fory = Inx.
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Hence find the value o§(9.2) correct to 4 places of decimals, and determine

the error in the estimate.

x 9.0 9.5
y=Inzx | 2.1972| 2.2513

Solution:
Here,zo = 9.0, 21 = 9.5,y = 2.1972,y; = 2.2513.

r— X xr — T
S o1(w) = Lo(w)yo + Li(z)yr = - Yo ° Y1

ZTo — T1 o — 21

r—9.5 z—9.0 r—9.5 z—9.0

= 770 109.0) + ——27 10(9.5) = 2.1972 2.251
9005 N0+ g5 g0 = 5 (21972) + (2:2513)
2-09. 2-09.
L n(9.2) = 9T.595(2.1972) + %(2.2513) 29188

coerror= 2.2192 — 2.2188 = 0.0004.

Thus linear interpolation is not sufficient to get 4 d.p. aecy, it would suffice

for 3 d.p. accuracy.

Example 10
Obtain the value olfn(9.2) using the quadratic interpolation polynomial using the
data below:

x 9.0 9.5 11.0

y=Inz | 2.1972| 2.2513| 2.3979

Solution:
Lo(x) = (9% - gg;g;_”lg)o) = 2% — 20.52 — 104.5, L(9.2) = 0.5400
Li(z) = (9% - gg;g;_lllf)o) - —%(ﬁ — 201 +99), L1(9.2) = 0.4800
Lo(z) = (11% - gigigfog—%m - %(gﬁ 18.52 + 85.5), L5(9.2) = —0.0200.
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- $2(9.2) = In(9.2) = 0.5400(2.1972)-+0.4800(2.2513)—0.0200(2.3979) = 2.2192

which is exact to 4 d.p.
Example 11

Fit a cubic Lagrange’s interpolation polynomial to the dag¢tow:

z|0[1]2] 3
y|1/0|1]10

Solution:
Lo(z) = (QE:__;ll))((;__ZZZ))((xxO_jZ)3/0 = —é(x —1)(z —2)(z - 3)
_ (z = x0) (v — 22) (7 — 73) B
h@%Wm—mMm—@XM—mﬂ“m
Ly(7) = (ij:;oﬁ((xi__zzl))((i;;_xi)y2 = %x(x —1)(z —3)
Li(z) = (;:__;0))((;—_211))(5%;_1?2)y3 = gx(x —1)(z —2).

o p3(x) = Lo(2)yo + La(2)yr + La(x)y2 + Ls(x)ys
1 1 5 2
= —6(x—l)(x—2)(x—3)—|—0—§x(x—1)(x—3)+§x(x—l)(x—2) = (z—1)(z"—z—1)
cops(r) =2 — 22+ 1.

This is the same polynomial we have earlier obtained usingtdies forward

interpolation.

2.4 Least Squares Method for Curve Fitting

The least squares method is one of the most systematic pnasetbr fitting a
unique curve through given data points and is widely usedactgal computa-

tions.
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Let the set of data points e, y;),i = 0,1,2,--- ,m, and let the curve given by
y = f(x) be fitted to this data. At = z;, the experimental (or observed) value of
the ordinate ig;; and the corresponding value on the fitting curvé(s;). If e; is

the error of approximation at = x;, then we have

e; =y — f(z;) (2.22)

Now, if we let

S=ly— @)l + 2 — F@)] + 4 [ym — fl2m)]* (2.23)

2 2 2
=eitet -ty

then the method of least squares consists of minimiSinipat is the sum of the

squares of the errors.

2.4.1 Fitting a straight line

Lety = ap + aix be the straight line to be fitted to the given data. Then, eorre

sponding to equation (2.23), we have

S = [y1 — (ag + a121)> + [y2 — (ap + a122)]> + - - - + [yym — (a0 + a1z

(2.24)
For S to be minimum, we have
oS
Dag = —2[y1 — (ap+a121)] —2[y2 — (ag +ayxa)| — - - - = 2[ym — (a0 + @121,,)] = 0
and
oS
D = =2z (1 —(ap+a121)]| —222[yo— (ap+ar22) | = - - =22 [Ym —(ao+a12,,)] = 0

Simplifying the above equations yield

mag +a1(x1 + T2+ Tn) = Yo+ Y1 Y2+ Ym
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and

ao(w1 + @+ Tn) +ar (2T + 25+ 27) = Ty Tyt T

We then have the equations

mag + ay Z T; = Z Yi (2.25)
i=1 i=1

m m m
2
ag E r; + aq E T; = E TiY;
i=1 =1 i=1

where
o= ) ad) — () (X i)
" myw; — (3 w)?
and
4y = m Y wiyi — Qo wi) (X i)

mylw;—(Qow)

Since ther; andy; are known quantities, the equations (2.25) are calledohmal
equationsand can be solved for the unknowmsanda;. We also note tha@%?
and 327? are both positive at the pointg anda;. Thus these values provide a
minimum of S.

Now, dividing the first of equations (2.25) by yields

(2:20

where(z, y) is the centroid of the given data points. Hence the fittedgdttdine
passes through the centroid of the data points.

Example 12

The table below gives the temperatuéén °C) and lengthg (in mm) of heated
rod. If | = a+ 0T, find the best values farandb that approximate the data of the

table below.
T| 20 30 40 50 60 70

[ | 800.3| 800.4| 800.6| 800.7| 800.9| 801.0
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Solution:

T l T2 Ir
20 800.3 400 16006
30 800.4 900 24012
40 800.6 1600 32024
50 800.7 2500 40035
60 800.9 3600 48054
70 801.0 4900 56070
270 4803.9 13900 216201

Using the normal equations, one obtains

6a + 270b = 4803.9

270a + 139000 = 216201

which lead tax = 800 andb = 0.0146.
.0 =800 + 0.01466.

2.4.2 Nonlinear curve fitting

A nonlinear functiory = ax* can be fitted to the given set of data points. Taking

the logarithms of both sides yields

Y = ag + CL1X (227)

whereY = logy, ag = log a, a; = ¢ and X = log x. Thus the procedure outlined
above can be followed to obtain the valuesaspfanda,, hencea andc can be
calculated.

Now consider the parabola

Y = ag+ a1z + axx’ (2.28)
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The least squares parabola approximating the set of poiptg),: = 0,1,2,--- ,n
has the equation (2.28). The constants:; anda, can be determined by solving

simultaneously the equations.

Zy:na0+alzx+a22x2
ny:aOZeralez—l—agZx?’ (2.29)
Zx2y2a02x2+alzx3+a22x4

The equations (2.29) are called th@mal equation$or the least squares parabola
(2.28). This parabola is said to be the regression curyeoofz, since an estimate
of y is obtained for any given value af. Similarly, we can have a regression
equation ofr ony.

Example 13

Fit a curve of the fornt” = ae?? to the data below

z |1 2| 3|4
Y | 7|11 17| 27

Solution:

Taking the natural logarithms of both sides leads to
Iny =Ilna+ fex.

This is of the formy = a + bx, wherey = InY,a = Ina andb = . Thus we fit

a least squares line to the data

el 1] 2| 3] 3
y | 1.95| 2.40| 2.83| 3.30

and one obtaing = 4.48 and/3 = 0.45. Thus the curve becomes
Y = 4.48¢e%4%7,
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Exercise
Obtain a quadratic curve which fits the data in the table belming the least

squares method.

r|12118|31/49|57]7.1|86|9.8
y|145/59,7.0|78|72|6.8|45]|27
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Chapter 3

Numerical Differentiation and

Integration

3.1 Introduction

In chapter 2, we considered the problem of interpolaticat, i) given a set of tab-
ulated valueszo, yo), (1, 1), - - , (zn, yn) Of x @andy, can we find a polynomial
yn(z) of the lowest degree such thatr) andy,(z) agree at the set of tabulated
points? In this chapter, we are concerned with numeric&mihtiation and inte-
gration. This involves deriving formulae for derivativasdaintegrals from given

set of tabulated values afandy in the interval[x, z,,].

3.2 Numerical Differentiation

A straightforward method for deriving numerical differetion formulae is to
differentiate the interpolation formulae obtained in thieyious chapter. Differ-

entiating the Newton’s forward interpolating formula

yn(@) = yo + (1) Ayo + (5) A%yo + (§) APyo + -+ + (B) A"yo (3.1)
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where(?) = —2__ leads to the following results:
T (p—r)'r!

6 12

1 3p? — 6p + 2 2p° — 9p® 4+ 11p — 3 ]
y;(x)zﬁ [Ayo+< ——) A2y, uA?’y(ﬁ— L L P A'yo +---((3.2)

1 6p? — 18p + 11
(@) = 35 {A2y0+(p—1)A3yo+ P 12p Ay +
1 2% — 3
Un () = 73 [Agyw p2 Alyo + -

: 1
(@) = galAlyo+ -

For tabulated value,, p = 0 and hence equations (3.2) - (3.4) simplify to

, 1 1 1 1
Ynlz) = 7 {Ayo - —A2yo + gA?’yo — —A4y0 + - } (3.6)
, 1
Yn(x) = 73 {Azyo — Ay, + A Yo + - } (3.7)
) = M{&%——Am+ | 38)

Using only the first terms of the formulae above, one obtduesforward finite

difference approximations to the following derivatives:

oy 1 _ylz+h) —y(z)
Y (93) = Eﬁyo = i
v oyl +2h) —2y(x+h)+y(z)
y'(r) = 7380 = 2
” By = y(x 4 3h) — 3y(x + 2h) + 3y(z + h) — y(x)
Yy ( ) ﬁA 13

and so on.

In a similar vein, we obtain other formulae using Newton'skhvaard differ-
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ence interpolating formula (2.8) as

3p? + 6p + 2 2p3 4+ 9p® + 11p + 3

1 1
! _ vn - v?n —v3n V4n
Yn () h{y+<p+2) Yn + 5 Yn + D Yn +
1 6p? + 18p + 11
yn(@) = 35 {szn +(p+ 1)V + 5 Vi +
1 2 + 3
y(x) = — [V, + L2y, 4

h? 2

v 1
W @) = 7V

Tt
(3.9)

For tabulated value = z,,, p = 0 and the formulae listed in (3.9) simplify to

) 1 1 1 1
Ynl@) = 5 [Vyn + §V2yo + §A3yn + Zv4y" + - } (3.10)
! 1 2 3 11 4
" 1 3 3 4
U (@) = 55 |Voyn + 5V + - (3.12)

Similar finite difference approximations to the derivaivean be obtained from

the first terms of the above formulae as in the case of forwdierences.
Example 14

From the table of values below, obtain the value ofy({()x) and (ii) y"(z) at the

pointz = 1.2.

x| 1.0 1.2 1.4 1.6 1.8 2.0 2.2
y | 2.7183| 3.3201| 4.0552| 4.9530| 6.0496| 7.3891| 9.0250

Solution

We construct the difference table for the tabulated valsdsliows
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x|y A A? AP AT AP AS
1.0 | 2.7183
1.2 | 3.3201| 0.6018

1.4 4.0552| 0.7351 0.1333

1.6 | 4.9530| 0.8978 0.1627 0.0294

1.8 | 6.0496| 1.0966 0.1988 0.0361 0.0067
2.0|7.3891| 1.3395 0.2429 0.0441 0.0080 0.0013
2.2|9.0250| 1.6359 0.2964 0.0535 0.0096 0.0014 0.0001

From the difference table, we obtain
(i) ¥'(1.2) = 55 [0.7351 — 1(0.1627) 4 $(0.0361) — +(0.008) + £(0.0014)]
~ 3.3203

(ii) y"(1.2) = gy [0.1627 — 0.0361 + 13(0.008) — 13(0.0014))] = 3.3192.

3.3 Numerical Integration

Numerical integration refers to the evaluation of the ina&g

b
I:/ y(z)dx (3.13)

wherey(x) is a function given analytically by a formula or empirically a table
of values. Geometrically, the integral is the area undegthgh ofy(x) between
a andb. To determine this area, we divide the inter{alb] into n subintervals
such that

A=< T <Xy < ---<x,=b

wherezx,, = xo + nh. Thus the integral becomes

I— / " (@)

zo
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Approximatingy(x) by Newton'’s forward difference interpolating formula lsad

to the integral

o —1 —1)(p—2
]:/ <y0+pAyO+p(p )A2y0+p(p )(p >A3y0+---)dx

2 3!

(3.14)
Sincex = xg + ph, dx = hdp and so the integral (3.14) becomes

n —1 —1)(p -2
I:h/ (y0+pAyO+p(p J a2y, 4 PO D0 )A3y0+---)dp
0

2! 3!
(3.15)
which on simplification yields
o B n n(2n —3) nin—2)*
/IO y(z)dz =nh {yo+§Ayo+TA 90+TA Yo+ -+
(3.16)

Equation (3.16) is a general formula from which one can oldé#ferent integra

tion formulae by puttingp = 1,2, 3, - - -.
We derive from this general formula a few important numeringegration

formulae such as the trapezoidal and Simpson’s rules.

3.3.1 The Trapezoidal Rule

Puttingn = 1 into (3.16), all differences higher than the first become» zerd

one obtains
o 1 h
y(x)dz = h |yo + iAyo = 5[@/0 + 1]
o
Similarly, we deduce for the remaining intervals, o), - - - , [z,,—1, z,] @S

x9 h
[ vteriz =Sl + e

h

/ y(r)de = 5[.%_1 + Y]
Tn—1
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Combining these integrals, we obtain the formula

/ y(@)dr = 5 lyo+ 241 + 22 + 2y + -+~ + 4o (3.17)
)

which is normally referred to as thieapezoidal rule.The geometrical interpreta-
tion of this rule is that the curvg = f(x) is replaced by: straight lines joining
the points(zg, yo) and(z1, y1),(z1,y1) and(z2, yo), - (-1, Yn—1) @NA(2, Y» ).
The area bounded by the curye= f(x), the ordinatesxr = zy andz = =z,
and ther—axis is then approximately equivalent to the sum of the aoéése n

trapeziums obtained [see fig.], hence the name of the formula

3.3.2 Error bounds and estimate for the Trapezoidal Rule

The error of the trapezoidal formula can be estimated asvisli Lety = f(x)
be continuous and many times differentiabléap, x,,|. Thus expanding (x) in

Taylor series about = z(, we get

on on . (v —m0)?
/ f(z)dx :/ [yo+ (& —x0)yy + %yd*‘”ldx
2 3

h
= hyo + Ey{) + Eyg 4.+ (3.18)

In a similar vein,

h - h ! h2 " h3 "
§[yo+y1] =3 {yo+y0+hy0+?yo +§yo +-
2 / h3 "
From (3.18) and (3.19) we obtain
o h h3 "
f(z)dx — 5[% + 1] = ISR (3.20)
o

which is the error in the intervak,, z;]. Continuing in a similar way, we obtain

the errors in the remaining subintervals, xs|, [z2, 23], - - -, [Tn_1, T4)-
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Summing all these, one obtains the errais

3

h
€~ —ﬁ[y8+yi’+yé’+ e Y] (3.21)

Taking y”(z) as the largest value of the quantities on the right hand side of

(3.21), we get

h3 (b—a)

2,11/~
13 T) ~ 1 h=y" () (3.22)

wherenh = b — a.
Error bounds can now be obtained by taking the largest valug'{z), say

My and the smallest valui/;, in the interval of integration, hence
KML S € S KMU,

whereK = —22h2,

3.3.3 Simpson’s Rule

To obtainSimpson’s ruleotherwise caIIedSimpson’%-rule, we need to divide the
interval of integratiom: < = < b into anevennumber of subintervals = 2m.
Thus, Simpson’%-rule can easily be obtained from (3.16) by substituting 2.

This leads to the relation

r2 1 h
/ y(z)dx = 2h {yo + Ayo + 6A2y0 = g[yo + 4y1 + o) (3.23)
zo
Similarly, for the remaining intervalg:, z4], [z4, 2] - - - , [xn_2, z,,], ONE Obtains

T4 h
/ y(z)dr = g[@h + 4ys + 4]
T2

6 h
/ y(z)dr = g[% + 4ys + v

T4

/ y(z)dr = g[yn—2 + 4Yn—1 + Yn).
Tn—2
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Summing the above integrals, we obtain toenposite Simpson%ﬁ}rule as

Tn h
/ y(x)dr = 3 (Yo +4y1 + 2y2 +4ys + 2ys + - - + 2Yn—o + 4yn_1 + Yy

o

(3.24)
Simpson’s%-rule has the error term
(b—a), 4 -
Nt W
€ =0 @)
and it is highly accurate for most problems.
3.3.4 Simpson’'s:-Rule
The scheme is obtained from (3.16) by substituting 3, thus yielding
3 3 3. 1.,
y(x)dx = 3h |yo + iAyO + EA Yo + §A Yo
o ah (3.25)
= g[yo + 3y1 + 3y + 3]
Computing the integrals for the remaining subinteryalszs|, [ze, zo], - - - , [Tn_3, 2],

the composite Simpson%rule as

in 3h
/ y(z)de = — [yo + 3y1 + 3y2 + 2y3 + 3ya + 3ys + 206 + - - - + 2yn—3 + 3Yn—2 + 3Yn—1 + Yn)
xo

8
(3.26)

Simpson’&g-rule has the error term

3
~——h (7
cx 1 (7)

and it is much less accurate than the Simpsén’sle, hence it is rarely used for
computations.

Example 15

Evaluatel = 01 1_‘% correct to 4 places of decimals.

Using the Trapezoidal, Simpsonis and2-rules forh = 0.5,0.25 and0.125, we
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have the following results:

(@) h = 0.5. The values are tabulated below
x 0 0.5 1.0

y | 1.00000 0.80000 0.50000

(i) Trapezoidal rule yields
0.5
I= 7(1.00000 + 2 x 0.80000 + 0.50000) = 0.77500

(i) Simpson’s;-rule yields

0.5
I = 3 —(1.00000 + 4 x 0.80000 + 0.50000) = 0.78333

(b) h = 0.25. The values are tabulated thus
x 0 0.25 0.50 0.75 1.00

y | 1.00000 0.94118 0.80000 0.64000 0.50000

(i) Trapezoidal rule yields

0.25
I = 5 ——[1.00000 + 2(0.94118 + 0.80000 + 0.64000) + 0.50000] = 0.78280

(i) Simpson’s%-rule gives

0.25
I = 3 ——[1.00000 + 4(0.94118 + 0.64000) + 2(0.80000) + 0.50000] = 0.78539

(c) h = 0.125. The tabulated data become
x 0 0.125 0.250 0.375 0.500 0.625 0.750 0.875 1.000

y | 1.00000 0.98452 0.94118 0.87671 0.80000 0.71910 0.640B687 0.5000¢

(i) Using Trapezoidal rule, one obtains
0.125
I= 5 ———[1.5004-2(0.98452+-0.94118+0.87671+0.800040.719104-0.64004-0.56637)] = 0.78474

(i) Simpson’s;-rule yields
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I = 0'%[1.50000+4(0.98452+0.87671+O.71910+0.56637)—|—2(0.94118+
0.80000 + 0.64000)] = 0.78538
Simpson’sg-rule can now be applied to obtain
(iii) I = %[1.50000+3(0.98452+0.8000O+O.56637)—|—3(0.94118—|—0.71910)+
2(0.87671 + 0.64000)] = 0.77657.
Note that the exact solution correct to 5 places of decinsalsy 0.78540.
Example 16
Evaluate the integral = fol e~*"dz, using
(i) Trapezoidal rule witthh = 5
(ii) Trapezoidal rule withn = 10
(iii) Simpson’si-rule withn = 10

(iv) Simpson’s2-rule withn = 10.

Solution
n| a, | 22 | flz,) =e "
0| O 0 1.000000
1/0.2|0.04 0.960789
2104]0.16 0.852144
3106]|0.36 0.697676
410.8|0.64 0.527292
5]1.0|1.00f 0.367879
% 1.367879  3.037901

(i) Note thath = 0.2, thus

0.2
I = - (1.367879 + 2 x 3.037901) = 0.744368.
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no| x| 22 | f(x,) = e

0| 0 0 1.000000
101|001 0.99050
2 |0.2]0.04 0.960789
3 10.3|0.09 0.913931
4 104)|0.16 0.852144
5105]0.25 0.778801
6 | 0.6 0.36 0.697676
7 10.7|0.49 0.612626
8 0.8 0,64 0.527292
9109|081 0.444858
10/ 1.0 1.00| 0.367879

by 1.367879 6.77816Y

(ii) Here,h = 0.1, thus
0.1
I =— (1367879 + 2 x 6.778167) = 0.746211.
(iii) For Simpson's;-rule,
0.1
I = = (1.367879 + 4 x 3.740266 + 2 x 3.037901) = 0.746825.

(iv) Simpson's-rule produces

0.3
I = 5 (1.367879 + 3 x 2.45482 + 3 x 2.266882 + 2 x 2.056465) = 0.736722.
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