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Chapter 1

Systems of Linear Equations

Definition 1.1 (Linear Equation).

By a linear equation over any arbitrary field K, we refer to an expression of the form
a1 + Ao + ... + apTy, =b (].].)

where for each i, a;,b € K and z; are variables (or unknowns or indeterminates).

The scalars a; are called the coefficients of the x; respectively and b is called the constant term
of the linear equation.

Definition 1.2 (Soluion of a Linear Equation).

A set of values for the unknowns, say
1 = C1, g =Coy ..., Ty = Cp

where ¢; € K, is a solution of (1.1) if the statement obtained by substituting ¢; for z; in (1.1)
is true, i.e.
a161 + aoCo + ... +apcy, = b

Is true.
Note:
(i) The set of values ¢; is then said to satisfy the linear equation (1.1).
(ii) If we write the set as an ordered set then we can consider it as an n-tuple ¢ = (¢, g, ..., ¢).
(iii) Solution of the linear equation (1.1) can be categorized into three. They are:

(a) One of the coefficients is not zero, say a; # 0; Then we can rewrite the linear equation
as:

ary = b—asxe— ... —a,r, i.c.
Ty = al_lb — CLl_16L2.T2 - = al_lanxn.
By assigning arbitrary values to the unknowns s, ..., x,,, we obtain a value for xy;
these values form a solution of the linear equation. Every solution can be found in
this way. In this case, we say that the linear equation has many solutions.



(b) All the coefficients of (1.1) are zero, but the constant term is not. That is, the linear
equation is of the form

0zy + 0xy + ... + 0z, = b with b # 0.
Then the linear equation has no solution and in this case, we say that the linear
equation is not consistent.

(c) All the coefficient of (1.1) are zero and the constant is also zero. That is, the linear
equation is of the form:
0xy + 0zy + ... + 0z, = 0.

In this case, every n-tuple of scalars in K is a solution of the linear equation.

Definition 1.3 (System of Linear Equations) A set of m linear equations in n-unknowns
X1, ..., T, given by

a1 + aj9x9 + ... + A1nTy, = b1
211 + A22%2 + ... + Aoy, = bg
A1 L1 + QmaZo + ... + QpnTn = b, (1.2)

where the a;;, b; belong to the scalar field K is called a System of Linear Equations.

If each b; is zero, then the system is said to be homogeneous, otherwise it is non-homogeneous.

Definition 1.4 (Solution of a System of Linear Equations)

An n-tuple ¢ = (¢y, co, ..., ¢,) of scalars is a solution or a particular solution of (1.2) if it satisfies
each of the linear equations. The set of all such solutions is termed the solution set or the
general solution.

Note: The homogeneous system associated with (1.2) always has a solution namely the zero
n-tuple 0 = (0,0, ...,0) called the zero or trivial solution. Any other solution, if it exists, is
called a non zero or non trivial solution.

Theorem 1.5
Let ¢ be a particular solution of the non-homogeneous system (1.2) and suppose that A is the
general solution of the associated homogeneous system, then

c+A={c+a:ac A}
is the general solution of the non-homogeneous system (1.2).

Proof.
Let B denote the general solution of the non-homogeneous system (1.2). Suppose that ¢ € B
and that ¢ = (¢, ¢, ..., ¢,,). Since ¢ is a solution of (1.2), we have for i = 1,...,m,

a;1C; + Q;0Co + ... + QjpCp = bz

Now suppose a € A and that a = (ay,as, ..., a,). Since a is a solution of the associated homo-
geneous system, we have for i = 1,...,m,

a;101 + Q209 + ... + AinGy = 0.
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Therefore, for 1 =1, ...,m,

an(c1 4+ ar) + aip(ca + ag) + ... + ain(cn + ay)
= (apc1 + apes + ... + apcyn) + (101 + apas + ... + apmay)
= b;+0
= b;.

That is, ¢ + a is a solution of (1.2). Thus ¢+ a € B and hence ¢+ A C B............ (*)

Now suppose that p = (p1,pe,...,pn) is any arbitrary element of B, i.e. a solution of (1.2)
then, for i =1, ..., m,
ai1p1 + @igpa + ... + Ainpn = b;.

Observe that p = ¢+ (p — ¢). We claim that p—c € A, fori=1,...,m,

ain(pr — 1) + aip(p2 — c2) + ... + ain(pn — cn)

(aiip1 + @iop2 + ... + @inpPn) — (@ic1 + s + ... + AinCy)
b; — b;

0.

Thus, p — ¢ is a solution of the associated (homogeneous) system, i.e., p — ¢ € A.
Thus p € c+ A and hence B C c+ Ao, (**)
Both inclusion (*) and (**) relations give us B = ¢+ A.

Theorem 1.6
If in a homogeneous system of linear equations, the coefficients of one of the unknowns are all
zero, then the system has a non zero solution.

Proof.
Let x1,...,7,, be the unknowns of the system and z; the unknown whose coefficients are all
zero. Then each linear equation of the system is of the form

axy + ... + a1 + 01’2 + A+ 1541 + ...+ ayx, = 0.

Then, for example, any n-tuple of the form (0, ...,0,a,0, ...,0) with a # 0 in the i** component
is a non zero solution of each linear equation and hence of the system.

Theorem 1.7
On multiplying the i'* equation of (1.2) by k;, i = 1,...,m and adding all the equations to
obtain the linear combination

(k1a1n + kaao1 + . + kmami)x1 + oo+ (K1ain + kaGom + oo 4+ kmGmn) Ty,
= (k’lbl + k’gbg + ...+ kmbm)l’l. (13)

We have that any solution of (1.2) is also a solution of (1.3).

Proof.
Let ¢ = (¢1, ¢a, ..., ¢,) be a solution of (1.2). Then,

aﬂcl—i-az-gcQ—i—...—l-amcn:bi, 1= 1,2,...,m. (14)



To show that ¢ is a solution of (1.3), we must verify the equation
(kra1n + kaaor + ... + kpama)er + ... + (k1ar, + keag, + ... + kG ) .
= kb1 + kaby + ... + kb
But this can be rearranged into
ki(ay1c1 + ajacy + ..a1ncp) + oo + kp(amicr + ... + amncn)

= kiby + ... + kb,

or by (1.4)
klbl -+ k2b2 + ...+ kmbm - klbl -+ kgbg + ...+ kmbm

which is true.

1.8 Gauss Elimination Method

This solution method involves the elimination of an unknown from succeeding equations in the
system (1.2). The method consists of a successive application of essentially two steps, viz.:

(1) Interchange equations so that the first unknowns z; has a non zero coefficient in the first
equation i.e. ay; # 0.

(2) For each i > 1, apply the operation
Ri — —CLﬂRl —+ anRi.

That is, replace the i'* linear equation R; by the operation obtained by by multiplying
the first equation R; by —a;;, multiplying the i equation R; by a;; and then adding.

Applying the two steps to the system (1.2), we find that it is equivalent to the system:

a1 + ajppxe + ... + a1, = bl (15)
deQZL‘jQ —+ ...+ din’n = fg

dmjzij—i_mean = fn

where ay; # 0, z;, denotes the first unknown with a non zero coefficient in an equation other
than the first.

Note:
(i) By step 2, xj, # .
(ii) By Theorem 1.7, the system (1.5) has the same solution as (1.2).

(iii) The equations in (1.5), apart from the first one form a subsystem which has fewer equa-
tions and fewer unknowns than the original system (1.2).

(iv) If an equation of the form
Ozi+...4+0x,=b, b#0

occurs, then the system is inconsistent and has no solution.
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(v)

(vi)
(vii)

If an equation of the form
Ox1+...4+0x, =0

occurs, then the equation can be deleted without affecting the solution.

a1, dajy, ..., dmj, are called the leading coefficients of the system (1.5)

If we continue the above process with each new smaller subsystem, we arrive at the
conclusion that (1.2) is either inconsistent or it is reducible to an equivalent system in
the form:

a1 + appxe + ... +ap T, = bl (16)
G2y Tjy + oo + GonTn = go
(rj, Tjy + .. T GrpTn = Gr

where 1 < j < ... < j, and the leading coefficients are not zero, that is a1; # 0, ag;, # 0,
Qrj,. 7£ 0.

Definition 1.9 (Echelon form; free variable)

The system (1.6) is said to be the echelon form of (1.2). The unknowns z; which do not appear
at the beginning of any equation (i # 1, ja, ..., j) are termed free variable.The number of such
free variables is n — 7.

Theorem 1.10

Consider a system in echelon form (1.6). The solution can be considered in two cases:

(i)
(i)

r = n. Then the system has a unique solution.

r < n. Then we can arbitrarily assign values to the n — r free variables and obtain a
solution of the system.

Example 1.11
Reduce the following to echelon form and solve

20 4+ 3y —w + 22
3r—y+2w—2z2 = 3
Sr+2y+w+z = 8

Solution
We start to reduce the system by applying the operations

Ry — —3R;+2R,
Rg — —5R1+2R3

to obtain

204+3y—w+2z = 6
—1ly + 7w — 8% —12
—1ly+T7w -8 = —12
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We next apply the operation

Rs — 11Ry — 11R5

to have

20+ 3y —w+ 2z
—1ly + Tw — 82
0

The equation 0 = 22, that is

6
—12
22

0x 4 0y + Ow + 0z = 22,

shows that the original system is inconsistent and so has no solution.

Example 1.12
Reduce the following to echelon form and solve.
20 + 3y —w + 22
3 —y+2w—=z
T+ 2y — 2w+ 32
dr 4 6y — 2w + 4z
e —y+w+z

Solution:

We start to reduce the system by applying the operations:

Rg — —3R1+2R2

Rg — —R;+ 2R3
R4 — —4R1 + 2R4
R5 — —2R1 + 2R5

to obtain

20+ 3y —w + 2z

—11ly 4+ 7w — 8%z
y— 3w+ 4z

0
—8y + 4w — 2z

We now interchange R, and R to get
20+ 3y —w+ 2z

—1ly + Tw — 8z
y—3w+4z
—8y + 4w — 2z
0

Next, apply the operations

Rg — —Ry — 11R3
Ry — 8Rs — 11Ry
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to obtain

20 4+3y—w+2z = 6

—1ly+ 7w -8z = —12
26w — 36z = —10
—660z = —660
0 =0

This is in the echelon form and the system is a consistent one, since there is no equation of
the form 0 = b with b # 0. Furthermore, in its echelon form there are four equations in four
unknowns and so, the system has a unique solution. By the fourth equation, 2 = 1. Substituting
z = 1 into the third equation, we obtain w = 1. Substituting z = 1, w = 1 into the second
equation, we obtain y = 1. Substituting z = 1, w = 1, y = 1 into the first equation we obtain
x = 1. Thus the 4-tuple (1,1, 1,1) is the unique solution of the system.

Example 1.13

Reduce the following to echelon form and solve
20 +3y—w+2z = 6
3xr—y+2w—2z = 3
Sr+2y+w+z = 9.

Solution
We start to reduce the system by applying the operations

Ry — —-3R;+2R,
Rg — —5R1+2R3

to obtain

2 4+3y—w+2z = 6
—1ly + 7w — 82 —12
—1ly+7Tw -8z = —12.

We next apply the operation
Rs — 11Ry — 11R3

to have

204+3y—w+2z = 6
—1lly+ 7w -8z = —12
0 = 0.

The system is consistent and since there are more unknowns than equations in echelon form, the
system has an infinite number of solutions, There are two free variables w and z. A particular
solution may be obtained by assigning w and z the values (1,1). Substituting, we have that
y =1 and z = 1. The 4-tuple (1,1,1,1) is a particular solution of the solution.



Note 1.14

Any homogeneous system of linear equation is consistent, since it has the zero solution
0=(0,0,...,0). Thus it can always be reduced to an equivalent homogeneous system in echelon
form (1.6) where b; =0 for all i =1,..., 7.

The solution is of two possibilities viz.:

(i) 7 =n. Then the system has only the zero solution.

(ii) r < n. Then the system has a non-zero solution.

Thus we observe that a homogeneous system of linear equations with more unknowns (n) than
equations (r) has a non-zero solution. This is because in echelon form, r < n and hence the
system has a non-zero solution.

Example 1.15
Consider the homogeneous system
r+y—2z = 0
r+y—952 =
2r—y+2z =
The echelon form is
r+y—z = 0
—2y—2z =0
—12z = 0

Thus the system has only the trivial solution since there are three equations in three unknowns.

Example 1.16
By reducing the system

rT+2y—z =
2x + by + 2z

T+ 3y + 3z
r+4y+T7z =

o O O O

to echelon form, we obtain
r+2y—z = 6
y+4z =

The system has a non zero solution, since we have two equations in three unknowns in the
echelon form.

Note 1.17

The system of linear equations (1.2) is equivalent to the matrix equation
aiyr Gp . . . Qip 1 by
as1 Q29 . . . Qo Ty | _ by (1.7)
Ami Am2 - . . Omn Tn b,
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or simply
AX =B

where X = (z;), = (b;) and A = (a;;).
This mean that every solution of (1.2) is a solution of the matrix equation (1.7). We further
note that the associated homogeneous system of (1.2) is equivalent to the matrix equation

AX =0.

Definition 1.18 (Coefficient and Augmented Matrices)
The matrix A = (a;;) in (1.7) is the coefficient matrix of the system (1.2) and the matrix:

aix a2 A1p
a921 Ao . . . Q9pn ( 1 8)
Am1 Am2 . . . Qmn

is called the augmented matrix of (1.2). It is obtained by adjoining the column of constants to
A. Denote the augmented matrix by (A, B).

We observe that the system (1.2) is completely determined by its augmented matrix. For
example, the system given in Example 1.12 has the matrix form:

2 3 -1 2 6
3 -1 2 —1| (" 3
1 2 -2 3 Il = |4
4 6 —2 4 |Y 12
2 -1 1 1 & 3

2 3 -1 2 2 3 -1 2 6
3 -1 2 -1 3 -1 2 -1 3
1 2 -2 3 and 1 2 -2 3 4
4 6 -2 4 4 6 =2 4 12
2 -1 1 1 2 -1 1 1 3

1.19 Solution of the Matrix Form

We apply elementary row operations to the augmented matrix with a view to reducing it to its
echelon form or to its row canonical form.

For example, we can use the augmented matrix in Definition 1.18 to find the solution of the
system in Example 1.12. To do this, just perform the following operations on the augmented
matrix following the numbering.

(1) Ry — —3R; + 2R
(2) R3 — —R; + 2R3
(3) Ry — —4R; + 2Ry
(4)

4 R5 — —2R1 -+ 2R5
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(5) Ry <= R
(6) Ry — —Ry — 11R3
(7) Ry — 8Ry — 11Ry4
(8) Ry — —12R3 + 26 Ry
We arrive at the echelon form:

2 3 -1 2 6
-1 7 -8 12

26 —36 —10
—660 —660
0

Starting from row 4, we have
—660z = —660 — 2z =1.

Substituting in row 3, we find that w = 1. Row 2 give y = 1 and row 1 give x = 1.

Theorem 1.20

Suppose that uy, us, ..., u, are solutions of a homogeneous system of linear equations AX = 0.
Then every linear combination of the u; is also a solution of AX = 0.

Proof.
Let
a1uy + agUs + ... + apUy,

(where the a; are scalars) be a linear combination of the ;.
We are given that Au; =0, Auy =0, ..., Au,, = 0. Hence,

Alayuy + agus + ... + apuy,) = arAug + agAus + ... + a, Auy,
= a4;1.0+a3.0+..+4a,0
= ()7
which implies that aju; + asus + ... + a,u, is a solution of the homogeneous system AX = 0.

1.21 Tutorial Questions

(1) Solve each of the following system.

(a)

2v+3y =3
rT—2y=>5
3r+2y="7

T+ 2y —32+2w =2
20 + 5y — 82+ 6w =5
3r+4y —Hz+4+2w =14

12



(2) What condition(s) must be placed on e, f and g so that the following system in unknowns
x,y and z has: (7) no solution (i) more than one solution (7iz) a unique solution.

r+2y—3z = e
20 —y+4z =
de+3y—2z = g

(3) Determine the values of b so that the following system in unknowns z, y and z has:
(7) no solution (i7) more than one solution (ii7) a unique solution.

3r—2y+22 = 5
2r+y—bz = 5
Sr —by—2z = 16

(4) Determine whether each of the following system has a non zero solution.
(1)
r+2y—22=0

r—8y+8x=0
3r—2y+42=0

r+3y—22=0
20 =3y +2=0
3r—2y+22=0

(5) What condition(s) can you place on b so that the following system has a non-zero solution?

br+12y = 0
3r+by = 0.
Solution to Tutorial Questions
(1) () z=3,y=—-1. (b)x=—z242w, y=1+22z—2w
(2) g—2e— f=0.
(3) (i) None (ii) None (iii) any b
(4) (i) No (i) No
(5) b= +6.
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Chapter 2

Change of Basis and Similarity

Definition 2.1(Transition Matrix)

Let {e1, s, ..., €, } be a basis of a vector space V and let { f1, fs, ..., fn} be another basis. Suppose
that

f1 = ai1€1 + a19€9 + ...+ A1n€n
fo = ager + agxes + ... + agpey
¢
fo = apie; + apes + ... + apnen (2.1)
This means that

fl 11 a2 ... QAip €1
Jo _ Q21 Q22 ... dgp €2
fn An1 Ap2 ... Qpp €n

or FF= AF.

Then the transpose P of the matrix of coefficients A is termed the transition matrix from
the former basis {e;} to the present basis {f;}. While the inverse of P, that is P! is the
transition matrix from the basis {f;} back to the basis {e;}.

Example 2.2
Let {e;} ={e1 = (0,1), e2 = (0, 1)} and {fi} = {1 = (1,1), fo=(2,0)}.

Find
(i) the transition matrix P, from {e;} to {f;}.
(ii) the transition matrix P, from {f;} to {e;}.
(iii) and verify that P, = P; "
Solution
(4)
fi = (1,1)=e +e
fo = (2,0) =2e; + Oey
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(4) - ()

Hence the transition matrix P; from the basis {e1} to {fi} is
11\ 12
Fi= (2 0) B (1 0)

er = (1,0)=0f1 + %f?

e = (0= fi- 30

1) _ 0 % hi
€2 1 —3) \ /o
Hence the transition matrix P, from the basis {f1} to {e;} is

r= () —@t - ()
e (Y - (Y -

(i)

Then

= O

(iid)

wi= O

Theorem 2.3

Let P be the transition matrix from a basis {e;} to a basis { f;} in a vector space V. Then, for

any vector u € V,
Pluly = [u]e OR [u]; = P~"[u]e.

Example 2.4
Let {e;} and {fi} be as in Example 2.2 and let v = (2, 3). Show that

(i) Plu| = [u]. and
(i) [uly = P~ [ule.

Solution

u=(2,3) = 2e; + 3es.
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[u]e where P = Py in Example 2.2.

!

=

k,’

Il
7N
— =
[l )
~—__~
N
| o
N =
~_

I
N
w N
~__

Il

(i) P7'ul. = ((l) 11) (g) = ( 3 ) = [u]; where P~! = P, in Example 2.2.
2 T2

Theorem 2.5

Let P be the transition matrix from a basis {e;} to a basis {f;} in a vector space V. Then for
any linear operator 7" on V,

N =

7]y = P(TI.P.
Proof.

For any vector u € V|

But,
[T]f[uly = [T'(u)];; hence
PHT]ePluly = [T]s[uly

Since the mapping v — [u]; is onto K™, P7YT|.PX = [T];X for every X € K". Hence
PHTP = [T1;.

Example 2.6
Let {e;} and {f;} be as in Example 2.2 and T be the linear operator on R? defined by

T(z,y) = (x+y, = —y),
where R is the set of real numbers. Show that [T]; = P~![T].P.

Solution

T(e;) = T(1,0)=(1,1) =e; + e
T(@l) = T(O, ].) = (]_, —]_> — €1 — €9
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Definition 2.7 (Similar Matrices)

Let A and B be square matrices for which there exists an invertible matrix P such that
B = P7'AP, then B is said to be similar to A or we say that B is obtained from A by a
similarity transformation.

Theorem 2.8

Similarity of matrices is an equivalence relation.

Proof.

(i) We first show that A is similar to A. The identity matrix [ is invertible and [ = 1.
Since A = I71AI, A is similar to A.

(ii) We next show that if A is similar to B, then B is similar to A. Since A is similar to B,
there exists an invertible matrix P such that A = P! BP. Hence

B =PAP ! = (P*l)*lAP*1
and P! is invertible. Thus B is similar to A.

(iii) We finally show that if A is similar to B and B is similar to C, then A is similar to C.
Since A is similar to B there exists an invertible matrix P such that A = P~!BP and
since B is similar to C' there exists an invertible matrix @ such that B = Q~1CQ.
Hence

A=P'BP = PH(Q'CQ)P = (QP)"'C(QP)

and QP is invertible. Thus A is similar to C'.
From (i) to (#ii), similarity of matrices from an equivalence relation.

Theorem 2.9

Two matrices A and B represent the same linear operator 7' if and only if they are similar to
each other.

Definition 2.10 (Diagonalization)

A linear operator T is said to be diagonalizable if for some basis {e;} it is represented by a
diagonal matrix. The basis {e;} is then said to diagonalize T.

Theorem 2.11

Let A be a matrix representation of a linear operator 7. Then T is diagonalizable if and only

if there exists an invertible matrix P such that P~'AP is a diagonal matrix.

Definition 2.12

Two m x n matrices A and B over K is said to be equivalent if there exists an m-square

invertible matrix () and an n-square invertible matrix P such that B = QAP.

Tutorial Questions 2.13

(1) Let

{fz} = {fl = (172)7 f2 = (273)} and
{9} = {o=(13), 2=(1



(4)

(5)

be basis of R2.

(i) Find the transition matrix P and @ from {f;} to {¢;} and from {g;} to {f;} respec-
tively.
(ii) Verify that Q = P71
(iii) Show that [v]; = P[v], for any vector v € R?
(iv) Show that [T], = P~![T];P for each of the operators:
(a) T(z,y) = (22 — 3y, = +y)
(b) T(z,y) = (52 +y, 3z —2y).

Suppose that {e;, es} is a basis of V and T is a linear operator for which 7T'(e;) = 3e; — 2e
and T'(e3) = e + 4es.

Let {f1, fa} be the basis of V' for which f; = e + e5 and fo = 2e; + 3ey. Find the matrix
of T in the basis {f, f2}.

Consider the bases {fi} ={fi=1, fo=1i}and {¢;} = {91 =1+, go =1+ 2¢} if the
complex field C over the real field R.

(i) Find the transition matrices P and @ from {f;} to {¢;} and from {g;} to {f:}.
respectively.
(ii) Verify that Q = P~1.
(iii) Show that [T], = P~*T];P for the operator T, = z, where Z is the complex conjugate

of z.

Suppose that {e;}, {f;} and {g;} are basis of V' and that P and @ are the transition
matrices from {e;} to {f;} and from {f;} to {g:} respectively. Show that PQ is the
transition matrix from {e;} to {g¢;}.

Show that equivalence of matrices is an equivalence relation.

Solution to Tutorial Questions 2.14

(1)

ar=(20) e=(5 5)
o)
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Chapter 3

Linear, Bilinear and Quadratic Forms

Definition 3.1 (Linear Form)
Let V be a vector space over a field K. A mapping ¢ : V — K is termed a linear form (or
linear functional) if for every u,v € V and every a,b € K,

d(au + bv) = ap(u) + bo(v).
Example 3.2

(1) Let m; : K™ — K be the i'" projection mapping, i.e m; (a;, as, ...,a,) = a;. Then 7; is
linear and so it is a linear form on K™.

(2) Let V be a vector space of polynomials in ¢ over R. Let ¢ : V' — R be the integral operator
defined by

o(p(t)) = / plt)dt.

Then ¢ is linear and hence it is a linear form on V.

(3) Let V be the vector space of n-square matrices over K. Let ¢ : V' — K be the trace

mapping.
H(A) = a1 + asn + ... + any,

where A = (a;;). This map is linear and so it is a linear form on V.

Theorem 3.3

The set of all linear forms on a vector space V over a field K is also a vector space over K with
addition and scalar multiplication defined by

(p+p)(v) = ¢(v)+p(v) and
(kg)(v) = ko(v)
where ¢ and p are linear forms on V and k € K.

Definiion 3.4 (Dual Space)

The vector space formed from the set of all linear forms on a vector space V is called the dual
space of V. We shall denote it by V1.
Note that if V' = K™ (the vector space of n-tuples which we write as column vectors), then the
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dual space V! can be identified with the space of row vectors. In particular, any linear form
¢ = (ay,...,a,) in V! has the representation:

T
T2

O(x1, .y ) = (a1, a9, ..., a,)

T

or simply ¢(z1, ..., T,) = @121 + as®s + ... + a,x,. This expression is termed a linear form.

Theorem 3.5

Suppose that V' is a vector space of dimension n over K, then the dimension of the dual space
V!is also n.

Theorem 3.6

Suppose that {vy,...,v,} is a basis of V over K. Let ¢y, ..., ¢, € V! be the linear forms defined
by:
1, ifi=y
$i(v;) = d(ij) =
0 i#].

Then {¢1, ..., ¢, } is a basis of V1.

Proof.
We first show that {¢1, ..., ¢, } space V1. Let ¢ be an arbitrary element of V!, and suppose that

¢(U1) = kla ¢(U2) = k27 ceey ¢(Un) = k;n

Set

P = k1¢1 + kn¢n
Then, for i =1,2,...,n,

p(v;) = (k11 + ... + knodn) (vi)

Thus ¢(v;) = p(v;) for i = 1,...,n. Since ¢ and p agree on the basis vectors,

¢ =p= klgbl + kn¢n

Hence, {¢1, ..., ¢, } spans V1.
It remains to be shown that {¢1, ..., ¢,} is linearly independent. Suppose that

arpr + agPa + ... + angy = 0.
Applying each side to v; for : = 1,2, ..., n.

0= O(Ul) = (a1¢1 + an(bn)(vl)
= a1¢1(vi) + ...+ angz(vz) + ...+ an¢n(vi)

= a’i
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That is, a; = 0,. . . ,a, = 0. Hence {¢1, ..., ¢, } is linearly independent and so it is a basis of V1.

Definition 3.7 (Dual Basis)
The above basis {¢;} in Theorem 3.6 is termed the basis dual to {v;} or the dual basis.

Example 3.8

Consider the following basis of R?;

{vi} ={vi=(1,1), va=(2,1)}.
Find the dual basis {¢1, 92} = {¢:}-

Solution:

We seek linear forms ¢q(x,y) = a1z + byy and ¢o(x,y) = asx + byy such that

¢1(U1) =011 =1, ¢1(U2) = 012 = 0, ¢2(U1) =091 = 0, ¢2(02) = 09 = 1.

Thus
P1(v)) = ¢(1,1)=ar+b =1
P1(va) = ¢(2,1)=2a; +b; =0
Solving, we have a; = —1, by = 2.
P2(v1) = ¢2(1,1) =ax+by =0
p2(vg) = &(2,1) =2as + by = 1.
Solving, we have ay = 1, by = —1.

Hence the dual basis is {¢1(z,y) =2y — z; ¢o(z,y) =z — y}.

Theorem 3.9

Let {v1,...,v,} be a basis of V and let {¢1, ..., ¢, } be the dual basis of V1. Then for any vector
ueV,

u = ¢1(u)vy + Pa(u)ve + ..+ Dy (U) Ve, (a)
and for any linear form p € V!,

p = p(v1)p1 + p(v2)da + oo+ P(UR) Dreeeeveeiiieie, (b)

Proof.
Suppose that

U= A1U] + Q209 F oo QpUpeeeeeeeeeeiiiieee e (c)
Then, fort=1,2,...,n,

di(u) = a1¢i(v) + ... + a;di(vi) + ... + andi(vn)
= ;.
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That is,
(bl(u) = a2, ¢2(U) = a2,. .. 7¢n(u) = Ap.

Substituting these results into (c), we obtain (a).

Next we prove (b). Applying the linear form p to both sides of (a), we have,

p(u) = or(u)p(vi) + d2(u)p(va) + ... + dnlu)p(vy)
= p(01)61 () + p(02)da() + - + p(a) (1)
= (p(v1)o1 + p(v2)P2 + ... + p(vy)Pn) ().

Since this holds for every u € V,
p = p(v1)g1 + p(v2) P2 + ... + p(vn) P
as required.

Theorem 3.10

Let {vy...,v,} and {wy,...,w,} be bases of V and let {¢1,...,¢,} and {p1,..., pn} be the basis
of V1 dual to {v;} and {w;} respectively. Suppose that P is the transition matrix from {v;} to
{w;}. Then (P~1)! is the transition matrix from {¢;} to {p;}.

Definition 3.11 (Bilinear Forms)

Let V' be a vector space of finite dimension over a field K. A bilinear form on V' is a mapping
f:V xV — K which satisfies for all a,b € K and all u;,v; € V,

(i) flauy + bug,v) = af(uy,v) + bf (us,v).
(ii) f(u,avy +bvg) = af(u,vy) + bf(u,ve).

Note. Condition (i) express the fact that f is linear in the first variable and condition (i)
express that f is linear in the second variable.

Example 3.12

(a) Let ¢ and p be arbitrary linear functionals on V. Let f : V x V — K be defined by
f(u,v) = ¢(u)p(v). Then f is bilinear because ¢ and p are each linear.

(b) Let f be the dot product on R™; that is,
flu,v) = uw = aby + asby + ... + ayb,
where u = (a;) and v = (b;). Then f is bilinear form on R™.

(c) Let A = (a;;) be any n x n matrix over K. Then A may be viewed as a bilinear form f
on K" by defining;:

U1
a1 G2 . . . Qip
a a a Y2
t 21 22 - - . Q2
f(X, Y) = X'AY = (331, T2, ..., xn)
ap1 Ap2 . . . QApp ’
Yn
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n

= E AigTiY;j
3,j=1
= a1171Y1 + a12%2Y2 + ... + A1 TpYn-

Note. The last expression in Example 3.12(c) which is a formal expression in variables z;, y; is
termed the bilinear polynomial corresponding to the matrix A.

Definition 3.13 (Vector Spaces B(V))

Let B(V') denote the set of all bilinear forms on V. A vector space structure is placed on B(V)
by defining f 4+ g and kf by:

(f—l—g)(u,v) = f(u,v)—i—g(u,v)
(kf)(uvv) = kf(u,v)

for any f,g € B(V) and any k € K.

Theorem 3.14

Let V' be a vector space of dimension n over K. Let {¢1,...,¢,} be a basis of the dual space
VI Then {f;; :i,j = 1,...,n} is a basis of B(V) where f;; is defined by

fij(u,v) = ¢i(u)d;(v).
Proof.

Let {ej,...,e,} be the basis of V' dual to {¢;}. We first show that {f;;} spans B(V). Let
f € B(V) and suppose that f(e;,e;) = a;;. We claim that

[ = Z az’jfij-
ij

It suffices to show that f(es,er) = (3 aijfij) (es, ), s, t =1,..,n.
We have

(Casts) teneo = Lauflener
= Zaijqbi(es)qu(et)
= Zaij5is5jt

f(esa et)

as required. Hence {f;;} spans B(V).
It remains to be shown that {f;;} is linearly independent. Suppose that:

Z aij fij = 0.

Then for s,t =1, ...,n.
0= 0(es ) = (D aiifig) (€s,00) = aq.
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The last step follows as above. Thus {f;;} is independent and hence is a basis of B(V).

Note 3.15

Let f be a bilinear form on V' and let {ey,...,e,} be a basis of V. Suppose that u,v € V and
that

U = aey + ... +ane,
blel + ...+ bnen.

Then,

flu,v) = flares + ... + anen, breg + ...+ byey)
= aibif(er,e1) +aibaf(er,ea) + ... + anby f(en, en)

= Z aibjf(e,-,ej).

ij=1

Thus f is completely determined by the n? values f(e;, e;).

Definition 3.16 (Matrix Representation)

The matrix A = (a;;) where a;; = f(e;, e;) is called the matrix representation of f relative to
the basis {e;} or simply, the matrix of f in {e;}.

Observe that it represents f in the sense that
flu,v) =Y abf(eie))

b
by
= (a1,...,a,) A

bn

= [u]’ A[v]., for all u,v e V.

[

Example 3.17
Let uw = (21, 22, x3) and v = (y1,ys, y3) and let

f(u,v) = 3z1y1 — 22192 + 5T2y1 + TT2y2 — 8T2y3 + 4T3y — T3ys3.
Express f in matrix notation.
Solution
Let A be the 3 x 3 matrix whose ij—entry is the coefficient of x;y;. Then

3 2 0\ [u
flu,v) = (1, 20,5) |5 7 =8| w2
0 4 -1 Ys
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Theorem 3.18
Let P be the transition matrix from one basis to another. If A is the matrix of f in the original
basis, then

B = P'AP

is the matrix of f in the new basis.

Proof

Let {e;} be the original basis, {e}} the new basis and u,v € V. Since P is the transition matrix
from {e;} to {e!}, we have
Plu]er = [u]. and

3
=
('?_l

I

[v]e hence

Thus

flu,v) = [ul Al
[u]'s PP AP

Since u and v are arbitrary elements of V, P'AP is the matrix of f in the new basis {e;}.

Definition 3.19 (Congruent Matrices)

A matrix B is said to be congruent to a matrix A if there exists an invertible matrix P such

that B = P'AP.

Definition 3.20 (Alternating Bilinear Forms)

A bilinear form f on V is said to be alternating if

fv,v) =0 (3.1)
for every v € V.
Note: If f is alternating, then

0 = flut+v,u+w)
flu,u) + f(u,v) + f(v,u) + f(v,0)

and so
f(u,v) = —f(v,u) for every u,v € V. (3.2)

Definition 3.21 (Skew Symmetric Forms)

A bilinear form which satisfies equation (3.2) is said to be skew symmetric or anti-symmetric.

Definition 3.22 (Symmetric Bilinear Forms)

A bilinear form f on V' is said to be symmetric if f(u,v) = f(v,u) for every u,v € V.
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Theorem 3.23

If f is a bilinear form, then it is symmetric if and only if A is symmetric, where A is the matrix
representation of f.

Proof
If f is symmetric and A is its matrix representation, then

f(X,Y)=X"AY = (X'AY) = Y'A'X

(where we employ the fact that X*AY is a scalar and therefore equals its transpose), and
YIA'X = f(X,)Y) = f(V,X) = Y'AX.

Since this is true for all vectors X, Y it follows that A = A?, i.e. A is symmetric.

Theorem 3.24 (Converse of Theorem 3.23)
Let f be a symmetric bilinear form on V over K in which 1+ 1 # 0. Then V has a basis
{v1,...,v,} in which f is represented by a diagonal matrix, i.e.

f('UZ',’Uj) =0 for 7 # j

Definition 3.25 (Quadratic Forms)
A mapping ¢ : V — K is called a quadratic form if

q(v) = f(v,v)

for some symmetric bilinear form f on V.

Theorem 3.26
Let ¢ be the quadratic form associated with the symmetric bilinear form f. Then if 1 4+ 1 # 0,
we have

f(u,0) = sl +v) — a(w) — a(0)} (33
Proof.

qlu+v) —q(u) —qv) = flutv, ut+v)—flu,u)—f(v,0)
- f(u,u)—|—f(u,v)—|—f(v,u)—|—f(v,v)—f(u,u)—f(v,v)
= 2f(u,v)

If 1+ 1 # 0, we can divide by 2 to obtain the required identity.

Definition 3.27 (Polar Form)
The formular (3.3) is called the polar form of f.
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Note 3.28

(i) Quadratic Polynomial
If f is represented by a symmetric matrix A = (a;;), then ¢ is represented in the form

g(z) = f(X,X)

X'AX

a a a 1

11 2 - - - 1
n T

. 21 Q29 . . . QA2pn

— (xla' ,I‘n)

Anl Qn2 . . . @ '
n n nn T,

= E aij:vixj
4,

= anx% + a22:c§ + ...+ a,mxi +2 Z @i T;iT5.
i#]
This formal expression in variables x; is termed the quadratic polynomial corresponding

to the symmetric matrix A.

(ii) Diagonal Representation
If the matrix A is diagonal, then ¢ has the diagonal representation

qlr) = X'AX

2 2
= apxr + A22T9 + ...+ ApnZ,,

that is, the quadratic polynomial representing ¢ will contain no terms of the form xz;;,
i # 7. By Theorem 3.24, every quadratic form has such a representation when 1+ 1 # 0.

Tutorial Questions 3.29
(1) Let ¢ : R* = R and p : R* — R be the linear forms defined by
o(z,y,2) =2x — 3y + 2z and p(z,y,2) = 4o — 2y + 3z.
Find: (i) ¢+ p (i) 3¢ (iii) 26 — 5p.

(2) Let ¢ be the linear form on R? defined by ¢(2,1) = 15 and ¢(1, —2) = —10. Find ¢(z, y)
and in particular, find the value of ¢(—2,7).

(3) Find the dual basis of each of the following bases of R3.

(i) {(1,0,0), (0,1,0), (0,0,1)}.
(i) {(1,-2,3), (1,-1,1), (2,—4,7)}.

(4) Let V be the vector space of polynomials over R of degree < 2. Let ¢, ¢ and ¢3 be the
linear forms on V' defined by

(1)) = / FOdt, daF(8) = (1), da(f () = F(0).

Here f(t) = a + bt + ct> € V and f!(t) denotes the derivative of f(¢). Find the basis
{/1(t), fo(t), f5(t)} of V which is dual to {¢1, @2, ¢s}.
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(5) Show that each of the following mappings from V to K are linear forms

(i) m : K™ — K defined by m;(ay, ..., a,) = a;.
1
(ii) ¢ : V — K defined by ¢(p(t)) = [ p(t)dt.

0

(ili) ¢ : V — K defined by ¢(A) = ay1 + ... + apy, where A = (a;5).

(6) Let u = (21, 22) and v = (y1, y2). Determine which of the following are bilinear forms on
R2.

(i) flu,v) =221y — 32291
(i) f(u,v) = 32y
(iii) f(u,v)=1.
(iv) f(u,v) =21+ 2

(V) f(u,v) = 2122 + Y192-
(vi) f(u,v)=0

(7) Let f be the bilinear form on R? defined by

f((x1,22), (Y1,92)) = 3x1y1 — 22192 + 422y1 — T2ys.

(i) Find the matrix A of f in the basis {u; = (1,1), uy = (1,2)}.
(ii) Find the matrix B of f in the basis {u; = (1,—1), us = (3,1)}.
(iii) Find the transition matrix P from {u;} to {v;} and verify that B = P'AP.

(8) Let V' be the vector space of 2 x 2 matrices over R. Let
1 2
=3 %)

f(A, B) = tr(A'M B)

and

where A, B € V and tr denotes ’trace.’

(i) Show that f is a bilinear form on V.

N . ) ) 10 0 1 0 0 00
(ii) Find the matrix of f in the basis {(0 0) , (0 0) ) (1 O) ) (O 1) }

(9) Find the symmetric matrix belonging to each of the following quadratic polynomials:

(i) q(z,y, 2) = 22 — 8xy + y* — 1622 4 14yz + 527
(i) q(x,,y,2) = 2% — 22 +y?
(iii) q(z,y,2) = 2y + y* + 4oz + 2°
(iv) q(x,y,2) = zy + yz
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Solutions to Tutorial Questions 3.30

(1) () 6z —5y+4z (i) 62 — 9y +3z (i) —162 + 4y — 132
(2) (z,y) =4a +Ty;  ¢(—2,7) = 41.
(3) (i) {o1(,y,2) =25 d2(x,y,2) =y; d3(w,y,2) =z}

(ii) {p1(x,y,2) = =3x — by — 2z; Po(x,y,2) =2x +y; ¢3(x,y,2) =x+ 2y + 2}
4) {fit) =22t —13); folt) = H(—2y +3t%); fa(t) = 1(2 — 6t + 3t%)}.
(6) (i) yes (ii) no (iii)yes (iv)no (v)no (vi)yes.

1 0 —4 3 5
3)’ B:(zo 32)’ P:(—z —2)'

™ A= (;

1020
1010 2
®) G s g4 0
0304
2 -4 =8 10_%
9@ GO -4 1 7 |; @ | o 1 0 1;
-8 7 b -3 0 0
0 5 2 010
(iii) | 3 1 0]; v)[L 0 !
2 0 1 03 0
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Chapter 4

Eigenvalues and Eigenvectors

Definition 4.1 (Eigenvalues, Eigenvectors, Eigenspace)

(i) Let T': V' — V be a linear operator on a vector space V over a field K. A scalar A € K
is called an eigenvalue of T if there exists a non-zero vector v € V' for which

T(v) = \v. (4.1)

(ii) Every vector v satisfying (4.1) is called an eigenvector of T' belonging to the eigenvalue
A

(iii) The set of all such vectors which is a subspace of V' is called the eigenspace of A.
Note

(i) If v is an eigenvector, then each scalar multiple kv is also an eigenvector since:

T(kv) = kT (v) = k(M) = A(kv).

(ii)) The terms: characteristic value and characteristic vector or proper value and proper
vector are frequently used instead of eigenvalue and eigenvector.

Examples 4.2

(i) Let I : V — V be the identity mapping. Then, for every v € V', I(v) = v = 1lv. Hence 1
is an eigenvalue of I. Every vector in V' is an eigenvector belonging to I.

(ii) Let D be the differential operator on the vector space V' of differentiable functions. We
have D(e”) = 5e°. Hence 5 is an eigenvalue of D with eigenvector €.

(iii) If A is an n-square matrix over K, then an eigenvalue of A means an eigenvalue of A
viewed as an operator on K". That is, A € K is an eigenvalue of A if, for some non zero
(column) vector v € K™, A\ = A\v; where v is an eigenvector of A belonging to \.

1 2

For example, if A = , then we seek a scalar A\ and a non-zero vector X = (m)

such that Az = Az, i.e. (il,) ;) (Z) = A (z) . This matrix equation is equivalent to

the homogeneous system

x+2y= A\
3r 42y =—-X\y
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or

A=1z — 2y=0
-3z + (A=2)y=0 (4.2)
This homogeneous system has a non zero solution if and only if the determinant of the

matrix coefficients is zero, i.e.

A—1 =2 9 oy _
‘_3 == -0+ =0

Thus A is an eigenvalue of A if and only if A =4 or A = —1. Setting A = 4 in (4.2),

3r—2y =0
—3z+4+2y =0

or simply 3z — 2y = 0. Thus v = (gyc) = <§> is a non zero eigenvector belonging to the

eigenvalue A = 4 and every other eigenvector belonging to A = 4 is a multiple of v.
Setting A = —1 in (4.2),

—2r—-2y=0
—3r—3y=0

or simply z +y = 0. Thus w = (Zj) = (_11) is a non zero eigenvector belonging to

the eigenvalue A\ = —1 and every other eigenvector belonging to A = —1 is a multiple of w.

Theorem 4.3
Let T': V — V be a linear operator on a vector space V over K. Then A € K is an eigenvalue of
T if and only if the operator A\I —T is singular. The eigenspace of A is then the kernel of A\ —T.

Proof.

A is an eigenvalue of T' if and only if there exists a non zero v such that
T(w)=M or (A)v—T(v)=0 or (M —T)(v)=0.

i.e. M — T is singular. We also have that v is in the eigenspace of A if and only if the above
relation hold; hence v is in the kernel of A\I — T.

Theorem 4.4
Non-zero eigenvectors belonging to distinct eigenvalues are linearly independent.

Proof.
Let vy, ..., v, be non zero eigenvectors of an operator 7' : V' — V belonging to distinct eigenvalues
A1y ooy Ap. We prove the theorem by induction on n.

If n =1, then v is linearly independent since vy # 0.
Assume n > 1 and suppose that

a1v1 + asvy + ... + a,v, =0 (4.3)

31



where the a; are scalars. Applying T to the above relation, we obtain by linearity
a1T(v1) + asT(vg) + ... + a,T(v,) = T(0) = 0.

But by hypothesis T'(v;) = A\;v;, hence

a1 A1 + AUy + ...+ ap AU, = 0. (4.4)
On the other hand , multiplying (4.3) by A,

a1 U1 + a1 A1 + ...+ ap A\, = 0. (4.5)
Now, subtracting (4.5) from (4.4),

ar( A — Ap)vg +as(Ae — Ap)va + oo + a1 (A1 — An)vp—g = 0.

By induction, each of the above coefficients is 0. Since the \; are distinct, A\; — \,, # 0 for i # n.
Hence a1 = ... = a,—1 = 0.

Substituting this into (4.3) we get a,v, = 0 and hence a,, = 0. Thus the v; are linearly inde-
pendent.

Example
Consider the functions e®?, e®! ... e™! where ai, as, ..., a, are distinct real numbers. If D is the
differential operator, then

D(e™") = ae®",

Accordingly, e®?, ... et are eigenvectors of D belonging to the distinct eigenvalues ay, ..., a,
and so by (4.4) e®" are linearly independent.

ant

Theorem 4.5

A linear operator T' : V' — V can be represented by a diagonal matrix B if and only if V'
has a basis consisting of eigenvectors of T'. In this case the diagonal elements of B are the
corresponding eigenvalues.

Proof.

Let the dimension of V' be n. Then T can be represented by a diagonal matrix
kv 0 . . . 0
0 ke . . . O
0o 0 . . . k,

if and only if there exists a basis {vy, ...,v,} of V for which
T(Ul) - klUl, T(UQ) - k2U27 T(Un) —_ knvn

that is, such that the vectors vy, ..., v, are eigenvectors of T" belonging respectively to eigenval-
ues ki, ..., k.

Note 4.6

(i) An n-square matrix A is similar to a diagonal matrix B if and only if A has n linearly
independent eigenvectors. In this case the diagonal elements of B are the corresponding
eigenvalues.
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(ii) If we let P be the matrix A whose columns are the n independent eigenvectors of A, then
B = P71 AP. For example, if we consider the matrix A as in Example 4.2(iii), A has two

independent eigenvectors <§> and (_11) Set

(21 (0
P—(3 _1> and so P —(g _g .

Then A is similar to the diagonal matrix

L1 1 2 2 1 4 0
_ —1 _ 5 5 —
sorar=(1 ) (2) (5 4) -0 2)

As expected, the diagonal elements 4 and—1 of the diagonal matrix B are the eigen-
values corresponding to the given eigenvectors.

Tutorial Questions 4.7

(1) For each matrix below, find all eigenvalues and linearly independent eigenvectors.

. 2 2 g 4 2 5 —1

(1) A= (1 3>, (171) B = (3 3), (i71) C = (1 3).
Find invertible matrices P;, P, and P3 such that Pl_lAPl, Py 'BP, and P3_IC’P3 are
diagonal.

(2) For each matrix below, find all eigenvalues and a basis for each eigenspace.

31 1 1 2 2
iYA=|2 4 2|; @)B=|1 2 —1
11 3 —1 1 4

1 4 13 -3
dent eigenvectors of each matrix if:

(3) Let A= (2 _1> and B = < s _1> ; find all eigenvalues and linearly indepen-

(i) they are matrices over the real field R;
(i) they are matrices over the complex field C.

(4) Show that similar matrices A and A’ have the same eigenvalues.
(5) Show that matrices A and A" have the same eigenvalues.

(6) Suppose that v is also an eigenvector of operator S and 7. Show that v is also an
eigenvector for the operator a.S + b1" where a and b are scalars.

(7) For each of the following operators 7 : R3 — R? find all eigenvalues and a basis for
each eigenspace.
() T(z,y,2) =(@+y+z 2y+z 2y+3z)
(H) T(:I:,y,z):(a:+y, y+27 _2y_2)
(iii) T(z,y,2) = (r —y, 2x+4+3y+2z, z+y+2z2)

Solutions to Tutorial Questions 4.8

1) () ti=1, u=(2-1); ts=4, v=(11)
(i) t1 =1, u=(2,-3); ty=6, v=(11)

2 1 2 1
(1ii) t1 =4, uw=(1,1). P1:<_1 1); P2:<_3 1).
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P3 does not exist since C' has only one independent eigenvector and so cannot be

diagonalized.
(2) (2) th=2, u= (1, -1,0), wv= (1,0, —1)
to = 6, w:(1,2,1)
(17) t; =3, w=(1,1,0), v=(1,0,1)

th=1, w=(2-1,1).
(3) (i) For A, t=3, w=(1,—1) B has no eigenvalues in R.
(17) For A, it is the same as in (7).
For B, t, = 2, wy = (1,3,-2i), wus = (3+2i,13)
ty=—2i, w = (1,3+2i), us=(3—2i13)

() () t1 =1, w=(1,0,0); to=4, v=(1,1,-2).
(17) t; =1, wuw=(1,0,0). No other eigenvalues in R.
(i)t =1, u=(1,0,-1), ta=2 v=(2,-2,—1), t3=3, w=(1,-2 —1).
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Chapter 5

Characteristic and Minimum
Polynomials

Definition 5.1 (Characteristic Matrix, Characteristic Polynomial, Characteristic Equation
and Monic Polynomial)

(i) Let A be an n-square matrix over a field K. The matrix ¢tI,, — A, where I,, is the n-square
identity matrix and ¢ is an indeterminate, is called the characteristic matrix of A.

(ii) The determinant of ¢/, — A, denoted by A4(t) or det(¢,, — A), which is a polynomial in
t is called the characteristic polynomial of A.

(iii) The equation
A(t) = det(tl, — A) = 0.

is called the characteristic equation of A.

(iv) A polynomial is monic if its leading coefficient is 1.

Example 5.2

1
If A= < 3) then its characteristic matrix is

2 1
t—1 =3
s ()

while its characteristic polynomial is

t—1 =3

' =12 —2t—5
and its characteristic equation is ¢ — 2t — 5 = 0.

Theorem 5.3

The characteristic polynomial of a matrix A is a monic polynomial of degree n and the coefficient
of t"~! is the negative of the trace of A. Moreover the constant term of the polynomial is
(—1)"|A| where n is the order of A.
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Example 5.4

(1) From the matrix in Example 5.2,
Au(t) =1 -2t -5

which is a monic polynomial of degree 2. Here n = 2. The coefficient of t*~! which is the
coefficient of ¢ is —2. The trace of A is 1 + 1 = 2. Therefore, the negative of the trace of
A is the coefficient of t. The constant term is

Aa(0) = (—1)"[A] = (-=1)*(=5) = 5.

(2) Find the characteristic polynomial of A = (i g)

Solution

Here n = 2.

Coefficient of t? = 1.

Coefficient of t = —(2+5) = —7.

Constant term = (—1)?|A| = (—1)*(-2) = —2.
Therefore the characteristic polynomial is t? — 7t — 2.

Theorem 5.5 (Cayley-Hamilton Theorem)

Every matrix is a zero of its characteristic polynomial.

Example 5.6

The characteristic polynomial of the matrix A in Example 5.2 is A(t) = t* — 2t — 5.
As expected from the Cayley-Hamilton Theorem, A is a zero of A(t) since:

2
1 3 13 10\ /00
A(A)—(2 1) _2(2 1)‘5(0 1)_(0 0)'
Theorem 5.7

Let A be an n-square matrix over a field K. A scalar A € K is an eigenvalue of A if and only
if A is a root of the characteristic polynomial of A.

Proof.

We recall that A is an eigenvalue of A if and only if A\l — A is singular. Furthermore, A\ — A is
singular if and only if |\ — A| =0, i.e. A is a root of A(t). Hence the theorem.

Corollary 5.8

If the characteristic polynomial A(t) of an m-square matrix A is a product of distinct linear
factors i.e.

Alt) = (t— a)(t — as)o(t — an)

where ay, ..., a, are distinct roots of A(t), then A is similar to a diagonal matrix whose diagonal
elements are the a;.
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Example 5.9

30 0
Let A=(0 2 =5
01 -2
Is it diagonalizable over: (i) the real field R; (7) the complex field C?

Solution

The characteristic polynomial of A is A(t) = (t — 3)(t* + 1).

(i) If A is a matrix over the real field R, then A has only one eigenvalue 3. Since 3 has only
one independent eigenvector, A is not diagonalizable.

(ii) If A is a matrix over the complex field C, then A has three distinct eigenvalues 3,4 and
—i. Thus, there exists an invertible matrix P over the complex field C for which

0
P1AP = 0 | and A is diagonalizable.

—1

O O W
O = O

Theorem 5.10
Similar matrices have the same characteristic polynomial.
Proof.

Suppose that A and B are similar matrices, say B = P~'AP where P is invertible. We show
that A and B have the same characteristic polynomial. Using t/ = P~'I P, we have

tI — B| = [tI — P 'AP|
= |P%IP— P 'AP|
= |P7(tI — A)P]
|PH|ET — Al P

Since determinants are scalars, commute and since |[P~!||P| = 1, we obtain
|tI — B| = [tI — Al.
Theorem 5.11 (Minimum Polynomial)
A non zero polynomial m(t) is called a minimum polynomial of A if
(i) m(t) is a monic polynomial for which m(A) = 0 and
(ii)) of all such polynomial m(t) is of the lowest degree.
Theorem 5.12

The minimum polynomial of a matrix A exists and is unique.

Proof
By Theorem 5.5, A is a zero of some non zero polynomial; the characteristic polynomial. Let n
be the lowest degree for which a polynomial f(t) exists such that f(A) = 0. Dividing f(¢) by its
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leading coefficient, we obtain a monic polynomial m(t) of degree n which has A as zero. Sup-
pose that m!(t) is another monic polynomial of degree n which has A as a zero, i e. m'(A4) = 0.
Then the difference m(t) — m!(t) is a non zero polynomial of degree less than n which has A
as a zero.

This contradicts the original assumption on n, hence m(t) is a unique minimum polynomial.

Theorem 5.13

The minimum polynomial m(t) of a matrix A divides every polynomial which has A as a zero.
In particular, m(t) divides the characteristic polynomial of A.

Proof
Suppose that f(¢) is a polynomial for which f(A) = 0. By the division algorithm, there exist
polynomials ¢(¢) and r(t) for which

f@&) =m(t)q(t) +r(t); r(t) =0 or degr(t) < degm(t).

Substituting ¢ = A in this equation and using that f(A) = 0 and m(A) = 0, we obtain
r(A) = 0. If r(t) # 0, then r(¢) is a polynomial of degree less than m(t) which has A as a zero;
this contradicts the definition of the minimum polynomial. Thus r(¢) = 0 and so

F(t) =m(t)q(t),
i.e. m(t) divides f(t).

Theorem 5.14

Let m(t) be the minimum polynomial of an n-square matrix A, then the characteristic polyno-
mial of A divides (m(t))".

Theorem 5.15

The characteristic polynomial A(¢) and the minimum polynomial m(¢) of a matrix A have the
same irreducible factors.

Proof.

Suppose that f(t) is an irreducible polynomial. If f(¢) divides m(t), since m(t) divides A(?),
then f(t) divides A(t).

On the other hand, if f(¢) divides A(t) then, by Theorem 5.14, f(t) divides (m/(t))™. But f(t) is
irreducible; hence f(t) also divides m(t). Thus m(t) and A(t) have the same irreducible factors.

Example 5.16

21 0 0

. . . 02 0 O
Find the minimum polynomial m(t) of m = 00 1 1
00 -2 4

Solution
The characteristic polynomial of A is A(t) = (t — 3)(t — 2)°.
The minimum polynomial m(t) must divide A(t). Also, each irreducible factor of A(t), i.e.
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t —2 and t — 3 must be a factor of m(t). Thus m(t) is exactly one of the following:

mi(t) = (t—3)(t—2)
ma(t) = (t—3)(t—2)°
ms(t) = (t—3)(t—2)>

Clearly, m3(A) = A(A) = 0 by Theorem 5.5.
It is easy to verify that my(A) # 0 and my(A) = 0. Thus my(t) = (t—3)(t —2)? is the minimum
polynomial of A.

Theorem 5.17

A 0

0 B
where A and B are square matrices, then the minimum polynomial m(t) of M is the least
common multiple of the minimum polynomial m;(¢) and ms(t) of A and B respectively.

Let M =

Proof.
Since m(t) is the minimum polynomial of M, then

0= ("5 i) =0

and hence m(A) = m(B) = 0. Since m4(t) is the minimum polynomial of A, m;(t) divides
m(t). Similarly, ms(t) divides m(t). Thus m(t) is a multiple of m,(t) and ma(t).
Now let f(t) be another multiple of m;(t) and ms(t); then

100= (" i) = (o o) =

But m(t) is the minimum polynomial of M; hence m(t) divides f(¢). Thus m(t) is the least
common multiple of g(t) and h(t).

Note

Theorem 5.17 can be generalized by induction. For let

A0 0
o |0 A 0
0 0 A,

where the A; are square matrices. The minimum polynomial is the least common multiple
of the minimum polynomials of the A;.

Example 5.18
Use Theorem 5.17 to solve Example 5.16.

Solution

A 0 2 1 1 1
M_<O B) WhereA—(O 2), B—(_2 4>.

The minimum polynomials of A and B are (t — 2)? and (¢t — 2)(¢t — 3) respectively. The least
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common multiple is (¢ — 3)(¢ — 2)? which is the minimum polynomial of M.

Theorem 5.19 (Characteristic Polynomial of T').

Let T : V — V be a linear operator on a vector space V with finite dimension. We define the
characteristic polynomial A(t) of T' to the characteristic polynomial of any matrix representa-
tion of T'.

Note 5.20

(i) By Theorem 5.10, A(¢) is independent of the particular basis in which the matrix repre-
sentation is computed.

(ii) The degree of A(t) is equal to the dimension of V.
(iii) We have theorems for 7" which are similar to the ones we had for matrices:

(a) For Theorem 5.5, we have: T is a zero of its characteristic polynomial.

(b) For Theorem 5.7, we have: A scalar A € K is an eigenvalue of T if and only if A is
a root of the characteristic polynomial of T'.

Example 5.21
Let V be the vector space of functions which has {sinf,cosf} as a basis and let D be the
differential operator on V. Find the characteristic polynomial of D.

Solution

D(sinf) = cosf = 0(sinf) + 1(cosf)
D(cosf) = —sinf = —1(sinf) + 0(cosh).

The matrix A of D in the above basis is A = (_01 (1)> )

Thus

det(tI—A):’Ii _tl ‘:tQ—l—l.

Definition 5.22 (Minimum Polynomial of T')

The minimum polynomial m(t) of a linear operator 7" is the polynomial of lowest degree with
1 as the leading coefficient which has T as a zero.

Note

(i) For any polynomial f(t), f(7) = 0 if and only if f(A) = 0 where A is any matrix
representation of 7. Accordingly, T" and A have the same minimum polynomial.

(ii) All the theorems we had on the minimum polynomial of a matrix also hold for the
minimum polynomial of a matrix also hold for the minimum polynomial of the operator

T.
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Tutorial Questions 5.23

(1) Show that a matrix A and its transpose A" have the same characteristic polynomial. Show
the same for minimum polynomial.

(2) For each matrix below, find a polynomial for which the matrix is a root:

(i) A= (2 _57) (ii) B = (g _31) (iii) C = (j) % }j

(3) Find the characteristic and minimum polynomial of each matrix below:

25 0 00 31 0 00
02 000 03 000
@MA=]1004 2 0|: G)B=|003 10
00 3 50 0O 00 31
00 0O0¢7 00 00 3
X000 0 1100 00
020000
0 A000 0O 01 00O
(tit) C=10 0 X 0 0f[; (w) D=
000 200
00 0 X O
000 0 A 0000 2 2
00 0O0O0°1

Solutions to Tutorial Questions 5.24

(2) (i) f(t) =t* — 8t +43
i) g(t) = t* — 8t + 23
t

i) g(t
iii) h(t) =t — 6t2 + 5t — 12
(3) (i) A(t) = (t=2°(t=7)% mt)=(t-2?*t-7)
(i) A(t) = (t—3)%  m(t) = (t—3)°
(itd) A(t) = (£ =A% m(t) = (t =)
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Chapter 6

Canonical Forms

Theorem 6.1 (Jordan Canonical Form)

Let T : V — V be a linear operator whose characteristic and minimum polynomials are
respectively:

A(t) = (=)™ (t=A)™

and
m(t) = (t — )™ ..(t = A\)™

where the \; are distinct scalars. Then 7" has a block diagonal matrix representation of J whose
diagonal entries are of the form

ANo1oo 0 0
s ooar 0 0
PTlo 00 .. N1

000 ...0 X

For each A; the corresponding blocks J;; have the following properties:
(i) There is at least one J;; of order m;, all other .J;; are of the order < m;,.
(ii) The sum of the order of the .J;; is n;.
(iii) The number of J;; equals the geometric multiplicity of A,
)

(iv) The number of J;; of each possible order is the uniquely determined by 7.

Definition 6.2 (Jordan Canonical Form; Jordan Block)

A diagonal block matrix J whose diagonal blocks are the J;; is called the Jordan canonical form
of the operator T'. A diagonal block J;; is called a Jordan block belonging to the eigenvalue ;.

Example 6.3
(1) Suppose that the characteristic and minimum polynomials of an operator 7" are respec-
tively
Aft) = (t = 2)*(t - 3)°
and

m(t) = (t —2)*(t — 3)%

42



Find the Jordan canonical form of 7.

Solution

The Jordan canonical form of 7" is one of the following matrices.

2 1
0 2

SN
N =

o N -
RO

o w -

L -

o w -
Lo

Note that the first matrix occurs if T" has two independent eigenvectors belonging to
its eigenvalue 2 and the second matrix occurs if 7" has three independent eigenvectors
belonging to 2.

(2) Determine all possible Jordan canonical forms for a linear operator 7' : V' — V whose
characteristic polynomial is A(t) = (t — 2)3(t — 5)?

Solution

Since t — 2 has exponent 3 in A(t), 2 must appear three times on the main diagonal.
Similarly, 5 must appear twice. Thus the possible Jordan canonical forms are

2
" 2 1
0 21 2
00 2

o ot -
Tt

o ot
T

o ot
ot =

(i) (i) (ii7)

43



S O N
[l Ol
N = O
SN
N —

(i) (v) (vi)

(3) Determine all possible Jordan canonical forms J for matrix of order 5 whose minimal
polynomial is m(t) = (t — 2)%

Solution

J must have one Jordan block of order 2 and the others must be of order 2 or 1. Thus
there are only two possibilities.

[enll v}
(NI
(sl NV}
[Nl

SN -
N —

Definition 6.4 (7-Cyclic Subspace)

Let T be a linear operator on a vector space V' of finite dimension over K. Suppose v € V and
v # 0. The set of all vectors of the form f(T')(v), where f(t) ranges over all polynomials over
K, is a T-invariant subspace of V' called the T-cyclic subspace of V' generated by v. We denote
it by Z(v,T) and denote the restriction of 7' to Z(v,T) by T,. We could equivalently define
Z(v,T) as the intersection of all T-invariant subspaces of V' containing v.

Definition 6.5 (7-annihilator)

Consider the sequence
0, T(v), T(0), T*(v), ..

of powers of T acting on v. Let k be the lowest integer such that 7% (v) is a linear combination
of those vectors which precede it in the sequence, say

TH(w) = —ap_ T 1) — ... — a, T(v) — agv.

Then
my(t) =t + a1 T + .+ art + ag

is the unique monic polynomial of lowest degree for which m,(T")(v) = 0. We call m,(t) the
T-annihilator of v and Z(v, T).
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Theorem 6.6
Let Z(v,T), T, and m,(t) be defined as above. Then

(i) The set {v,T(v),...,T* *(v)} is a basis of Z(v,T); hence dim Z(v,T) = k.
(ii) The minimal polynomial of T, is m,(t).

(iii) The matrix representation of 7, in the above basis is

000 .. .0 =—a
100 .. .0 —-a
O = 010 .. .0 =—a
000 .. .0 —ag-o
000 .. .1 —apq

Definition 6.7 (Companion Matrix)

The above matrix C' is called the companion matrix of the polynomial m,(t).

Theorem 6.8

Let T': V — V be a linear operator whose minimal polynomial is (f(¢))" where f(¢) is a monic
irreducible polynomial. Then V' is the direct sum

v=Z(v,T)® .. Z(v,T)
of T-cyclic subspaces Z(v;, T') with corresponding T-annihilators:
(f)™, (f@)™, ..., (f(£)", n=ny>ny>..>mn,.

Any other decomposition of V' into T-cyclic subspace has the same number of components and
the same set of T-annihilators.

Theorem 6.9

Let T': V — V be a linear operator with minimal polynomial

m(t) = (fi(v)™ (f2(0)"...(fs(2)™

where the f;(t) are distinct monic irreducible polynomials. Then 7" has a unique block diagonal
matrix representation.

C11

71

CsT's
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where the c¢;; are companion matrices. In particular, the ¢;; are the companion matrices of
the polynomials (f;(¢))™7, where

My ="N11 2 N2 2 oo 2 Mgy, eeey Mg = N1 2 Mg 2 o 2> Mg
Definition 6.10 (Rational Canonical Form)
The above matrix representation of T' is called its rational canonical form.
Examples 6.11

(1) Let V be a vector space of dimension b over R and let T" be a linear operator whose
minimal polynomial is
m(t) = (£ —t +3)(t — 2)%

Find the possible rational canonical forms of T
Solution

The rational canonical form of 7" is one of the following direct sum of companion matrices:
i) C(E*—t+3)dC(t* —t+3)® C((t —2)?).

(ii) Ct*—t+3) @ C((t —2)*) & C((t — 2)?).

(iii) C(? —t+3)dC(t—-2)dCt—2)® (t —2)

where C(f(t)) is the companion matrix of f(t), that is:

0 -3 . 0 -3
1 1 . 1 1
0 -3 0 —4
0 1 ’ 1 4 ’
0 —4 0 —4
1 4 1 4
0 -3
1 1
0 —4
1 4
2
2

(2) Let V' be a vector space of dimension 7 over R and let 7' : V' — V be a linear operator
with minimal polynomial
m(t) = (t* 4+ 2)(t + 3)°.
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Find all the possible rational canonical forms for 7'

Solution

The sum of the degrees of the companion matrices must add up to 7. Also, one companion
matrix must be ¢* + 2 and one must be (¢ + 3)3. Thus the rational canonical form of T
is exactly one of the following direct sum of companion matrices.

i) C(t*+2) e C(t*+2)® C((t + 3)?)

(i) CE*+2)aC((t+3)*) @ C((t+3)?)
(iiil) C(+2)dC((t+3)) @ Ct+3) @ C(t+3)

that is:
0 -2 . 0 —2
1 0 1 0
0 -2 .0 0 =27 .
1 0 , .10 =27 . ,
) .01 -9
0 0 27 . . oL
1 0 =27 .0 =9
01 -9 1 —6
(4) (i)
0 -2
1 0
0 0 —27
1 0 =27
01 -9
-3
-3
)

Tutorial Questions 6.12

(1) Find all possible Jordan canonical forms for those matrices whose characteristic polyno-
mial A(¢) and minimal polynomial m(t) are as follows:

(1) A(t) = (t=2)*(t = 3)% m(t) = (t = 2)*(t - 3)*
(i) A(t) = (t=7)°, m(t) = (t = 7)?
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(iii) A(t) = (t —2)7, m(t) = (t — 2)3
(iv) A(t) = (t = 3)*(t —5)%, m(t) = (t — 3)*(t — H)~

Find all possible rational canonical forms for:

(t* +3)(t + 1)
(t+1)3
(t? +2)%(t + 3)%.

(i) 6 x 6 matrices with minimum polynomial m(t)

(ii) 6 x 6 matrices with minimum polynomial m(t)

(iii) 8 x 8 matrices with minimum polynomial m/(t)

(3) Let A be a 4 x 4 matrix with minimum polynomial m(t) = (t* + 1)(¢* — 3). Find the
rational canonical form for A if A is a matrix over:

(i) the rational field Q
(ii) the real field R
(iii) the complex field C.

(4) Find the rational canonical form for the Jordan block

O O O
SO > =
O > = O
> _ o O
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